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1 Introduction 

Let X be a smooth projective variety and let Kx be the canonical bundle 
of X. The graded ring : 

R{X,Kx) ■■= ®^=oH\X,Ox{mKx)) 

is called the canonical ring of X. R{X, Kx) is a birational invariant of X. It 
is conjectured that for every smooth projective variety X, R{X, Kx) finitely 
generated. The purpose of this article is to give the following partial answer 
to the conjecture. 

Theorem 1.1 Let X be a smooth projective varieity of general type defined 
over complex numbers. 

Then the canonical ring R{X,Kx) is finitely generated. 

This theorem has already been known in the case of dimX < 3([^, [T^). 

Y. Kawamata pointed that the existence of a Zariski decomposition of 
Kx implies the finite generation of R{X, Kx) ([^)- This is our starting point 
of the proof of Theorem 1.1. In this case the finite generation is equivalent 
to the stable base point freeness of the nef part of the Zariski decomposition. 
In this case the nef part is not ample in general. Hence to prove the stable 
base point freeness we need to use some additional positivity. One of the 
important observation in |^ is the fact that on the stable fixed component 
of Kx, we may use the positivity coming from the conormal bundle of it. In 
1^], using a variant of Shokurov's nonvanishing theorem (|l^, see Theorem 
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4.5 below), he proved the finite generation of canonical rings of smooth 
projective varieties of general type by Noetherian induction under the 
assumption that there exists a Zariski decomposition of Kx- The main 
difficulty to prove the finite generation lies in such delicate semipositivity. 
The proof of Theorem 1.1 consists of the following five steps. 

1. construct an AZD h of Kx to distinguish the positive part of Kx, 

2. construct the nontrivial numerically trivial fibration associated with 
{Kx, h) by the first nonvanishing theorem (Theorem 4.1) on every 
stable fixed components, 

3. find an effective R-divisor on a very general fiber of the numerically 
trivial fibration by using the structure theorem for numerically trivial 
singular hermitian line bundles (cf. Theorem 4.3). 

4. construct the formal canonical model and prove the virtual base 
point freeness (cf. Definition 6.1) of R{X, Kx), using the second 
nonvanishing theorem (Theorem 4.4), 

5. prove finite generation of R{X, Kx) by showing that the formal canon- 
ical model is a projective variety and is the canonical model of X. 

Let us briefly explain each steps. 

Step 1. An AZD h of Kx is a singular hermitian metric such that the 
curvature Qh is semipositive and 

H\X,Ox{mKx) ®l{h^)) ^ H\X,Ox{mKx)) 
holds for every m > 0. The AZD h exists (more generally for any pseu- 



doeffective line bundle) by |l^, |l^, ^. The singular hermitian line bundle 
{Kx, h) is considered as an analogue of the nef part of a Zariski decompo- 
sition. 



Step 2. In general Qh is not strictly positive. {Kx,h) has only weak 
positivity on every stable fixed components. This is one of the main diffi- 
culty of the proof. To distinguish the null direction of {Kx,h) on every 
stable fixed component, we construct the nontrivial numerically trivial 
fibrations (cf. Theorem 4.2) associated with {Kx,h). Here the essential 
ingredient is the first nonvanishing theorem (Theorem 4.1) which is a 
generalization of Shokurov's nonvanishing theorem ([jl6|). 



Step 3. On a very general fiber of the above numerically trivial fibration, by 
the structure theorem for numerically trivial singular hermitian line bundles 
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(cf. Theorem 4.3), we may distinguish a sum of at most countably many 
prime divisors with nonnegative coefficients. In the next step, the number 
of the positive coefficients turns out to be finite. 

Step 4. Taking a successive resolution of Bs | m\Kx \ {m > 1) , and iden- 
tifying the fiber of the numerically trivial fibrations to a point, we costruct 
a formal canonical model Xcan- At this stage Xcan is only a set. But we 
may consider {Kx,h) as a numerically positive "R-line bundle " on Xcan- 
Using effective base point freeness argument as in ||l| and the second non- 
vanishing theorem(Theorem 4.4), we may prove the virtual base point 
freeness of R{X, Kx)- The advantage of this argument is that we can 
specify a point where we want to prove the stably base point free- 
ness of {Kx , h) on Xcan ■ Hence we do not need to use the Noetherian 
induction argument as in This is the effect of the fact that we may 
consider {Kx,h) to be numerically positive on Xcan- 

Step 5. The last step is to prove that Xcan is actually the canonical model 
of X. To prove this we use a topological argument using the virtual base 
point freensess of R{X,Kx)- 

We may prove Theorem 1.1 without using singular hermitian metrics. In 
this sense our proof is essentially algebraic. Although for the better 
presentation I decided to present the proof in the complex analytic lan- 
guage, one may easily transcript the proof in algebro-geometric language. 
In fact the transcription follows from the fact that one can approximate any 
plurisubharmonic functions by plurisubharmonic functions with algebraic 
singularities (|^, Section 3]). 

In this paper "very general" means outside of at most countably many 
union of proper Zarski closed subsets and "general" means in the sense of 
usual Zariski topology. 

2 Multiplier ideal sheaves 

In this section, we shall review the basic definitions and properties of mul- 
tiplier ideal sheaves. 

2.1 Multiplier ideal sheaves 

Definition 2.1 Let L be a line bundle on a complex manifold M. A singular 
hermitian metric h on L is given by 

h = e-'P - ho, 
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where Hq is a C°° -hermitian metric on L and G Ljg^[M) is an arbitrary 
function on M. We call if a weight function of h. 

The curvature current @h of the singular hermitian hne bundle (L, h) is 
defined by 

6;, := Oh, + V^dd^, 

where dd is taken in the sense of a current. The L^-sheaf C^{L,h) of the 
singular hermitian line bundle {L, h) is defined by 

C?{L,h) := {a e r{U,OM{L)) \ h{a,a) G Li,{U)}, 

where U runs open subsets of M. In this case there exists an ideal sheaf 
T{h) such that 

C^{L,h) = OM{L)®l{h) 
holds. We call the multiplier ideal sheaf of (L, h). If we write h as 

h = ■ ho, 

where ho is a C°° hermitian metric on L and ip G Llg^{M) is the weight 
function, we see that 

I{h)=j(:\OM,e-^) 

holds. 

If {o"j} are finite number of global holomorphic sections of a line bundle 
L, for every positive rational number a and a C°°-function (p 

1 

h := e 



■ (E. I \'r 

defines a singular hermitian metric on the Q-line bundle aL. Here | cTj p is 
defined by 

2 ho{(7i,ai) 

= r ) 

ho 

where ho is an arbitrary C°°-hermitian metric on L (the righthandsidc is in- 
dependent of the choice of ho) ■ We call such a metric h a singular hermitian 
metric on aL with algebraic singularities. Singular hermitian metrics 
with algebraic singularities is particulary easy to handle, because its multi- 
plier ideal sheaf or that of the multiple of the metric can be controlled by 
taking suitable successive blowing ups such that the total transform of the 
divisor J2ii'^i) is a divisor with normal crossings. 
Let D be an effective R-divisor on M and let 
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be the irreducible decomposition of D. Let cTj be a global section of OM^Di) 
with divisor Di. Then 

n = — 

Ui I 'yt P"' 

is a singular hermitian metric on the R-line bundle Om{D). We define the 
multiplier sheaf 1{D) associated with D by 

1{D) = l{h) = C\Ox, ^ II ^ II,,. ), 

where || cjj || is the hermitian norm of cjj with respect to a C°°-hermitian 
metric on Om^Di). 

If Supp-D is a divisor with normal crossings, 

1{D) = Om{-[D]) 

holds, where [D] := J2i[^i]Di (for a real number a, [a] denotes the largest 
integer smaller than or equal to a). 



2.2 Nadel's vanishing theorem 

The following vanishing theorem plays a central role in this paper. 



Theorem 2.1 (Nadel's vanishing theorem ^i^, p. 561]) Let {L,h) be a sin- 
gular hermitian line bundle on a compact Kdhler manifold M and let lo he 
a Kdhler form on M. Suppose that Qh is strictly positive, i.e. there exists 
a positive constant e such that 

Qh > 

holds. Then T{h) is a coherent sheaf of Om ideal and for every g > 1 
i?^(M, OM{KM + L)(E)l{h)) = Q 

holds. 



Remark 2.1 The word "a closed positive (1, 1) current" does not mean a 
closed strictly positive current. For example the 0-current is closed positive. 
This terminology might be misleading for algebraic geometers. 

By the definition of a multiplier ideal sheaf we have the following lemma 
which will be used later. 

Lemma 2.1 Let {L,h) be a singular hermitian line bundle on a complex 
manifold M. Let f : N — > M be a modification. Then {f* L, f*h) is a 
singular hermitian line bundle on N and 

fa{f*h) c l{h) 

holds. 
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2.3 Lelong numbers and structure of closed positive (1, 1)- 
currents 

A closed positive (1, l)-current is considered as a (1, l)-form whose coef- 
ficients are distributions. Hence by the Lebesugue decomposition of the 
coefficients, every closed positive (1, l)-current T on a complex manifold M 
is uniquely decomposed as : 

where Tabc denotes the absolutely continuous part and Tging denotes the 
singular part. We call this decomposition the Lebesgue decomposition 

of T. It is important to note that Tabc 3-nd Tging are not closed in general. 
To measure the magnitude of the singular part, the following definition is 
fundamental. 

Definition 2.2 Let T be a closed positive (1, l)-current on a a unit open 
polydisk A" with center O. Then by dd-Poincare lemma there exists a 
plurisubharmonic function ip on A" such that 

T = ^^dd(p. 

TT 

We define the Lelong number i'{T, O) at O by 

Kr,0) = liminf-^^, 
^ ^ x-^O log I X I 

where \ x \= {J2 I P)"^^^- It is easy to see that u(T,0) is independent of 
the choice of (f and local coordinates around O. For an analytic subset V of 
a complex manifold X, we set 

u{T,V)= mlu{T,x). 

Remark 2.2 More generally the Lelong number is defined for a closed pos- 
itive {k,k) -current on a complex manifold. 

Let us consider a singular hermitian metric on the trivial bundle with alge- 
braic singularities 

k 

h = {J2\f,f)-\fi^O{A-)) 

i=l 

on A". Then we see that is positive and for every x G A**. 

u{@h,x) = 2minmultj;(/j) 

i 



7 



holds, where (/j) denotes the divisor of for every i. This imphes that for a 
singular hermitian metric with algebraic singularities, the Lelong number of 
the curvature is essentially the infimum of the vanishing order of the defining 
(multi)sections. 

In this paper we only deal with singular hermitian metrics which is a 
limit of singular hermitian metrics with algebraic singularities. Hence in 
this paper we may consider that the Lelong number is nothing but the 
limit vanishing order of (multi) sections in an obvious manner. 

The following theorem is fundamental. 

Theorem 2.2 ([P\, p. 53, Main Theorem]) LetT be a closed positive {k,k)- 
current on a complex manifold M . Then for every c > 

{xeM \ v{T,x) > c} 

is a suhvariety of codimension > k in M . 

Let (L, h) be a singular hermitian line bundle on a smooth projective variety 
X such that Qh is a positive current. The following lemma shows a rough 
relationship between the Lelong number of i'{Qh,x) at x £ X and the stalk 
of the multiplier ideal sheal I{h)x at x. 

Lemma 2.2 p. 284, Lemma 7y^,/0, p. 85, Lemma 5.3]) Let ip be a 
plurisubharmonic function on the open unit polydisk A" in C" with center 
O. Suppose that e~'^ is not locally integrable around O. Then we have that 

v{y/^ddip, O) > 2 

holds. And if 

i^iV^dSif, O) > 2n 
holds, then is not locally integrable around O. 

Let T be a closed positive (1, l)-current on a complex manifold X. Let 
^ = {Ucx} be an open covering of X such that for every a there exists a 
plurisubharmonic function ipa such that 

T\Uc = V^ddifa 

holds. We define the singular set SingT by 

SingTn Ua = {x £ Ua \ ^a{x) = — oo}. 

SingT is well defined and independent of the choice of {Ua} and Let 
y be a complex manifold and let / : y — > X be a holomorphic map such 
that 

f{Y) ^SingT. 
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Then the pullback f*T is defined by 

If y is a submanifold of X and / is the canonical immersion, then we denote 
f*T by T \y and call it the restriction of T to y. To compute the Lelong 
number the following lemma is useful. 

Lemma 2.3 (IjP^) Let T he a closed positive (1, l)-current on the open unit 
poly disk A" with center O. Let us parametrize the lines passing through O 
by P"~i in the standard way. Then there exists a set E of measure in 
P"^-"^ such that for every [L] G P"^i — E, T l^nA" is well defined and 

v{T,0) = v{T\LnA^.,0) 

holds. 

The next corollary is analogous to the corresponding fact about multiplicities 
of divisors. 

Corollary 2.1 Let M he a complex manifold and let T he a closed positive 
(1, l)-current on M . Let f : N — > M be a composition of successive blowing 
ups with smooth centers. Then for every x £ M and y £ f~^{x), 

Hf*T,y)>u{T,x) 

holds. 

3 Analytic Zariski decomposition 

In this section we shall introduce the notion of analytic Zariski decomopo- 
sitions which play essential roles in this paper. By using analytic Zariski 
decompositions, we can handle a big line bundles as if it were a nef and big 
line bundles. 

3.1 Definition of AZD 

Definition 3.1 Let M be a compact complex manifold and let L be a line 
bundle on M . A singular hermitian metric h on L is said to he an analytic 
Zariski decomposition (AZD), if the followings hold. 

1. Qfi is a closed positive current, 

2. for every m > 0, the natural inclusion 

H%M,OMimL)^I{h"')) ^ H°{M,OMimL)) 
is an isomorphim. 
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Remark 3.1 If an A ZD exists on a line bundle L on a smooth projective 
variety M , L is pseudoeffective by the condition 1 above. 

As for the existence the following theorems are known. 



Theorem 3.1 (ll8( , Let L be a big line bundle on a smooth projective 
variety M . Then L has an AZD. 

More generally the existence for general pseudoeffective line bundles, now 
we have the following theorem. 

Theorem 3.2 cf. Theorem 2.4]) Let X be a smooth projective 

variety and let L be a pseudoeffective line bundle on X. Then L has an 
AZD. 



3.2 An explicit construction of AZD 

In the case of big line bundles, we have an explicit construction of an AZD 
( ||l8[| ). Here we shall review the construction. 

Definition 3.2 Let {L,h) be a line bundle on a compact Kdhler manifold 
{X,Lo). Let {(/)o, . . . , (/>7v(m)} be an orthonormal basis ofT{X,Ox{jnL)) with 
respect to the L"^ -inner product 

f - Uj"" 

{^A')--= / h^^.^'— i^.ct^' eT{X,Ox{mL))). 
Jx n\ 

We define the m-th Bergman kernel Km{z,w) of {L,h) by 

N{m) 

Km{z,w) := ^ (t)i{z)(t)i{w). 

1=0 

Then it is trivial to see that K„i{z,w) is independent of the choice of the 
orthonormal basis. For simplicity we denote the restriction of Km{z,w) to 
the diagonal of X x X by Km ■ 



Theorem 3.3 (pm) Let L be a big line bundle on a compact Kdhler man- 
ifold (X,uj). Let Hq be a -hermitian metric on L. Let Km{z,w) be the 
m-the Bergman kernel of {L^Hq). Then 

h := (limm_^oo '\/^)""^ 

is an AZD of L. 
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The reason why wc presented this expUcit construction is to show that the 
AZD is a limit of singular hermitian metrics {hm} with algebraic 
singularities on L defined by 

hm '■— 1/ \J ^m- 

The Lelong number of 0/i is considered as a limit of the Lelong number of 
®/im which is nothing but 

m~^multBs | mL \ . 

Hence for every x E X 

iy{Qh: = lim^_>ooTO~^multa; Bs | mL \ 

holds, where mult^; Bs | mL \ denotes the multiplicity of the general member 
of I mL I at X. Hence i'{Qh,x){x G X) is essentially an algebro-geometric 
number. 



3.3 Some properties of AZD 

Let (L, h) be a singular hermitian line bundle on a smooth projective variety 
X. We denote the linear system | H^{X,Ox{mL) ®X{hJ^)) \ by | m{L,h) \. 



Theorem 3.4 Let L be a big line bundle on a smooth projective variety X 
and let h be an AZD of L. Then there exists a positive constant C such that 

< multxBs I m(L, h) \ —m ■ i'{Qh,x) < C 

holds for every m and x E X. 

Proof. The first inequality is trivial by the definition of an AZD and the 
fact that R{X, L) is a ring. In fact by Lemma 2.2 we see that 

multa;Bs I to(L, h)\>m- u{Qh, x) — n 

holds. Since h is an AZD of L, | m{L,h) | = | mL \ holds for every m > 0. 
Hence for every a G T{X, OximL)) — {0} and a positive integer £, 

I ■ multa;((T) = multj;(o"^) > im ■ v^Qh, x) 

holds. Dividing both sides by i and letting I tend to infinity, we see that 

multa;(<T) > m ■ x) 

holds. 
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Nest we shall verify the second inequality. Let x be a point on X. Let 
vr : X — > X be the blowing up of X at x. Since L is big, by Kodaira's 
lemma (cf. |Tl| , Appendix]) there exists an effective Q-divisor E such that 
TT*L — E is ample. Let r be a sufficiently large posiive integer such that 

H := r{7r* L - E) 

is Cartier and H — K-^ is ample. Let x be a very general point on the 
exceptional divisor 7r~^{x). Then by Theorem 2.2 and Lemma 2.2 we may 
assume that for every m > the multiplier ideal sheaf X(7r*/i™) is locally 
free on a neighbourhood of x (the neighbourhood may depend on m). Let U 
be a small neighbourhood of x and let p be a C°°-function on X such that 

1. Supp/J CC U, 

2. /3 = 1 on a neighbourhood of x, 

3. < p < 1 

hold. Let dx denote the distance function from x with respect to a fixed 
Kahler metric on X. If we take r sufficiently large we may assume that 
there exists a C°° hermitian metric h on H — Kj^ such that 

e-^ + 2ny/^ddlog{p-ds:) 

is strictly positive on X. Then by Nadel's vanishing theorem we see that 

H^{X,0^{H+Ti*{mL))®l{Ti*h^)) Oj^{H+TT*{mL))(g)I{TT*h"')(g)Oj^/Mi 

is surjective for every m > 0, where Aix denotes the maximal ideal sheaf at 
X. Since h is an AZD of L, we see that there exists a canonical injection 

H'^iX^O^iH + TT*{mL))0li-K*h"')) ^ -k* H^{X,Ox{niL)). 

Since 

■K,{0^{K^+mL)®l{T:*h^)) = Ox{Kx+mL)®l{hJ^) 
holds by the definition of multiplier ideal sheaves, we see that 

holds for every m. Hence by the above argument, there exists a positive 
constant C such that 

mult^Bs I m(L, h) \ —m ■ /^(G^, x) < C 

holds for every m. It is easy to see that C can be taken independent of 
X £ X. This completes the proof of Theorem 3.4. Q.E.D 
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Corollary 3.1 Let P be a nef and big line bundle on a smooth projective 
variety X, then there exists a singular hermitian metric hp on P such that 
Ohp is a closed positive current on X and iy{Qhp) is identically on X. 

We shall discuss about the uniqueness of the multiplier ideal sheaves 
associated with an AZD. First we introduce the following teminology. 

Definition 3.3 Let hi be a singular hermitian metric on a line bundle L 
on a complex manifold X. Suppose that the curvature of hL is a positive 
current on X. We set 

i{hL) ■.= liml{hl+^) 
and call it the closure ofT{hL). 

Let us explain the reason why we take the closure. Let /il be a singular 
hermitian metric on a line bundle L on a complex manifold X with positive 
curvature current. Then I (hi) is coherent ideal sheaf on X by Theorem 
2.1. Let / : Y — > X be a modification such that f*I{hL) is locally free. 
If we take / properly, we may assume that there exists a divisor F = J^Fi 
with normal crossings on Y such that 

KY = f*Kx + Y,aiFi 

and 

f*iihL) = OY{-J2b^Fi) 

hold on Y for some nonnegative integers {aj} and {h}. Then by Lemma 
2.2 

bi = [u{f*@h^,Fi)-ai] 

holds for every i. In this way T{hL) is determined by the Lelong numbers 
of the curvature current on some modification. This is not the case, unless 
we take the closure as in the following example. 

Example 1 Let hp be a singular hemritian metric on the trivial line bundle 
on C defined by 

I z P (log I z 1)^ 

Then i'{@hp,0) = 1 holds. But T(hp) = Oq holds. On the other hand 
T{hp) = Mq holds. 



Remark 3.2 Theorem 2.1 still holds, even if we replace the multiplier ideal 
by its closure. This can be verified as follows. Let X be a compact Kdhler 
manifold and let (L, hi) be a singular hermitian line bundle on X with 
strictly positive curvature. Let h^o be a -hermitian metric on L. Then 
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hY~^ ■ has strictly positive curvature for every sufficiently small positive 
number e. By Theorem 2.1, we see that 

m{X, Ox{Kx + L)^ I{hl+')) = 

holds for every q > 1 and every sufficiently small positive number e. Letting 
e I we obtain that 

H'i{X,Ox{Kx + L) ®T{hL)) = Q 
holds for every q>\. 

Now we shall prove the following uniqueness theorem for the multiplier ideal 
sheaves associated with an AZD. 

Proposition 3.1 Let L he a big line bundle on a smooth projective variety 
X . Let h he an AZD of L. For any positive integer m, T{hJ^) is independent 
of the choice of the AZD h. 

Proof of Proposition 3.1 Let L,h be as above. By Theorem 3.4, for any 
modification 

f:Y^X 

and y G y, we see that 

v{f*Qh,y) = lim m~'^multy/*Bs | mL \ 

holds. This implies that for any positive integer m T{h"^) is independent of 
the choice of h. Q.E.D. 

Definition 3.4 Let L he a pseudoeffective line bundle on a smooth projec- 
tive variety X and let h be a singular hermitian metric on L with positive 
curvature current. Let x be a point on X. \ m{L, h) \ is said to be base point 
free at x, if 

multxBs I m(L, h) \ = m ■ i'{@h, x) 

holds. 

Let h be an AZD on a big line bundle L on a smooth projective variety X. 
Then by Theorem 3.4, wc sec that (L, h) is asymptotically base point 
free in the context of Definition 3.4. 



14 



3.4 Volume of subvarieties 



Let L be a big line bundle on a smooth projective variety X. To measure the 
total positivity of L on a subvariety of X. We define the following notion. 

Definition 3.5 (^djl) Let L be a big line bundle on a smooth projective 
variety X and let h be an AZD of L. Let Y be a subvariety of X of dimension 
r. We define the volume ^{Y,L) ofY with respect to L by 

L) := r! • h^^^^m-'' dim i7°(y, OvimL) 0l{h'^)/tor), 

where tor denotes the torsion part of OyimL) 0l{h"^). 

Remark 3.3 If we define fJ-{Y, L) by 

H{Y,L) ■.= r\-h^^^^m-'' d\mH^{Y,OY{mL)) 

then it is totally different unless Y = X. The above definition is meaningful 
when OyimL) ® T{h"^) is generically rank one for m » 1. Otherwise 
fi{Y,L) may be infinity. If fi(Y,L) is finite, by Proposition 3.1, it is easy 
to see that fi{Y, L) is independent of the choice of the AZD h. In fact if 
fJ,{Y, L) > 0, then there exists a positive integer rriQ and an effective divisor 
E onY so that for every nonnegative integer m,the natural injection 

Oy ((m + mo)L - E) (g) ^ Oy (mL) 

exists. 

If L is a nef and big line bundle on a smooth projective variety, then by 
Corollary 3.1 and Lemma 2.2, for every subvariety Y in X, 

fi{Y,L) = L'^''''^ -Y 

holds. For a general singular hermitian line bundle with positive curvature, 
we define the volume as follows. 

Definition 3.6 L be a pseudoeffective line bundle on a smooth projective 
variety X and let h be a singular hermitian metric on X such that Qh is a 
closed positive current. Let Y be a subvariety of X. We define the volume 
fi(Y, {L, h)) ofY with respect to {L,h) by 

n{Y,{L,h)) := {dimY)l ■Ih^n.^^m-'^'"^^ dim H^{Y,OY{mL)0l{h"') /tor). 
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3.5 Intersection theory for singular hermitian line bundles 

In this subsection we review the definition an intersection number for a sin- 
gular hermitian hne bundle with positive curvature current on a smooth 
projective variety and an irreducible curve on it (cf. ||22|). This intersection 
number is different from the usual intersection number of the underlying 
line bundle and the curve. The new intersection number measures the in- 
tersection of the positive part of the singular hermitian line bundle and 
the curve. Next we shall consider the restriction of singular hermitan line 
bundles to subvarieties. 

Definition 3.7 Let L be a line bundle on a complex manifold M . Let h be 
a singular hermitian metric on L given by 

h = e~^ ■ ho, 

where /iq is a -hermitian metric on L and ip G Lj^^{M). Suppose that the 
curvature current Q^, is bounded from below by some C°°-(l,l)-form. For a 
subvariety V of M , we say that the restriction h \v is well defined, if ip is 
not identically —oo on V. 

Let {L,h),ho,V , ip be as in Definition 3.7. Then (p is an almost plurisub- 
harmonic function i.e. locally a sum of a plurisubharmonic function and 
C°°-function. Let vr : V — > V be an arbitrary resolution of V. Then 
7r*((/j \v) is locally integrable on V, since p is almost plurisubharmonic. 
Hence 

7r*(e,, \v) := e,*;,„|^ + V^dd7T*{ip \v) 

is well defined. We shall define the intersection number for a singular her- 
mitian metric with positive curvature current and an irreducible curve such 
that the restriction of the singular hermitian metric is well defined. 

Definition 3.8 Let {L,h) be a singular hermitian lien bundle on a smooth 
projective variety X such that the curvature current @h is closed positive. 
Let C be an irreducible curve on X such that h \c is well defined. The 
intersection number (L, h) ■ C is defined by 

{L,h) ■ C ■.= Th^rn^oom'^ dim H°{C, Oc{mL) ®1{K"') /tor), 

where tor denotes the torsion part of Oc{mL) ®Z{h^). 

Let {L,h),C be as above. Let 

ir-.C — >C 
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be the normalization of C. We define the multipher ideal sheaf 
\c){m > 0) on C by 

\c) :=7r,X(^*/i- Ic). 
And the Lelong number v{Qh \c-,x){x G C) by 

v{Qh,x)= ^ u{'K*Qh\c,x). 

Lemma 3.1 Lemma 2.4]) Let (L, h) he a singular hermitian line bun- 

dle on a smooth projective variety X such that Qh is closed positive. Let C 
he an irreducible curve on X such that h \c is well defined. Suppose that 
(L, /i) • C = holds. Then 

Qh \c= X! ^(^'^ \c,x)x 
xec 

holds in the sense that 

7r*(9h Ic) = ^(^*®/* \c,x)x 

x&C 

holds. 

Definition 3.9 Let {L,h) he a singular hermitian line bundle on a smooth 
projective variety X such that is positive. {L, h) is said to he numerically 
trivial, if for every irreducible curve C on X such that h \c is well defined, 

{L,h)-C = 

holds. 

3.6 Restriction of the intersection theory to divisors 

In the previous subsection we define an intersection number of a singular 
hemitian line bundle with positive curvature and an irreducible curve on 
which the restriction of the singular hermitian metric is well defined. In this 
subsection, we shall extend the definition of the intersection number. 

Let (L, h) be a singular hermitian line bundle on a smooth projective 
variety X such that @h is positive. 

Let D he a smooth divisor on X. We set 
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and 

Jd(/i™) := OdMD)D) ^lih""). 

Then l£)(h"^) is an ideal sheaf on D, since OD{mL) ®Z{h^) is a subsheaf 
of the locally free sheaf OoimL — Vm{D)D) on the smooth variety D. We 

define the ideal sheaf "^JZoQi""-) on D by 

\II^Ah^\ := UJ(-(a)),.(x € D), 

where o" runs all the germs oilD{h^)x- And we set 

lD{h) := n™>i ^llDih^) 
and call it the multipler ideal sheaf of h on D. Also we set 

If /i l^) is well defined, then 

lD{h) =T{h \d) 

holds ([^, Theorem 2.8]). For every irreducible curve C on D, we say that 
the intersection number {L,h) ■ C is well defined, if v{Qh,x) = u[Qh,D) 
holds for a very general point x on C. In this case \c is an ideal 

sheaf on C. 

We define the intersection number (L, /i) • C by 

• C :=Ik^^„^oom~Mimi7°(C7, Oc{mL - Vm{D)D) ® Ji5(/i'")/tor). 
Then we see that 

(L, h)-C={L- D)D) ■ C + Ih^^,„^oom-i deg Jz3(/i™) 

holds. 

We can also define the volume of r-dimensional subvariety Y oi D with 
respect to (L, h) by using X£){N^) as 

fi{Y,{L,h)) := r!-Ik^^™_,oo"i"' dimF°(y,Oy(mL-7;„(Z))Z?)0JB(/i")/tor). 

But this coincides the definition before as is easily be seen. 
We may define the Lelong number i^oiQh, x){x G D) by 

i^D{Qh,x) := limm^oo'm,"^multi:Spec(C'D/Tz)(/i"')), 

where mult^ denotes the multiplicity on D. Then we see that the set 

SD:={xeD\uDieh,x)>0} 

is at most countable union of subvarieties on D. This follows from the 
approximation theorem p. 380, Proposition 3.7]. Also this is obvious, if h 
is an AZD constructed as in Section 3.2. 
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3.7 Another definition of the intersection number 

Let (L, h) be a singular hermitian line bundle on a smooth projective variety 
X such that is positive. And let C be an irreducible curve on X such that 
the restriction /i |c is well defined. The another candidate of the intersection 
number of {L, h) and C is : 

{L,h)*C:=L-C-Y.v{Qh\c,x). 

x&C 

But we have the following theorem. 
Theorem 3.5 Theorem 2.7]) 

{L,h)-C= {L,h)*C 

holds. 

3.8 Limit multiphcities 

Let (L, h) be a singular hermitian line bundle on a smooth projective variety 
X. Suppose that Qh is strictly positive. In this subsection, we shall consider 
the behavior of 

multj^Bs I m{L, h) \ 
as m goes to infinity. We shall prove the following theorem. 

Theorem 3.6 Let (L, h) be a singular hermitian line bundle on a smooth 
projective variety X . Suppose that Qh is strictly positive. Let xq & X be a 
point such that z^(G/i,xo) = 0. Let c be a positive number such that 

c<fi{X, {L,h)). 

Then for every x £ X 

v{x) := lim m~^multxBs I m(L, h) (g) Mlf:"^^ I 

exists, where \ m{L, h) J^xo'^ \ denotes 

I A^M) I • 

Moreover for any modification 

f-Y^X 

and y €zY , 

v{y) := lim m~^multJ*Bs I m{L,h) M^^f^ I 

exists. 
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Proof of Theorem 3.6. For x E X we set 

iy{x) := limTO^oo'Ti~'''multa;Bs | m(L, h) (g) M^^^^ | . 

We claim that for any e > and x & X, there exists a positive integer m(e) 
such that for every m > m(e) 

multa^Bs I m{L, h) ® M\^f^ |> (1 - e)v{x)m 

holds. 

Let ^ be a small poitive number such that 

li{X,{L,h))> c + 5 
and c + 5 is a rational number. Let us fix a; G X. Let 

-K-.X — >X 
be the blowing up at {x^xq}. We set 

E:=t:-^{x) 

and 

Eq := 7r"^(xo). 
We shall prove the following lemma. 

Lemma 3.2 There exists a singular hermitian metric hs on tt*L such that 

1. 7r*T(/?™) C Z(hl^) (g) -ML^o^^^^"*' holds for every sufficiently large m, 

2. Qhg is strictly positive on X. 

Proof. Let be a very ample divisor on X and let hn be a C°°-hermtian 
metric on H with strictly positive curvature. Let £h be a sufficiently small 
positive rational number such that 

H{X, {L - shH, h ■ h]j'")) > 

holds. For every sufficiently large £, let 

ae e H^iX, Ox{e\{7r*L - ehH - (c + 6)Eo) ® 7r*X(/i^')) 

be a nontrivial section and set 
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Since for every sufficiently large Qhi is a closed positive current which 
represents 2t:ci{t:* L — ehH), we may assume that there exists a subsequence 
{Qht.} of {6/1 J such that 

Boo := lim Q-^ 

exists as a closed positive current. Let ^ be a singular hermitian metric on 
TT*L — ehH such that 

0;, = 0oo 

holds. Then 

hs:=h- /i^f 

is a singular hermitian metric on tt*L with strictly positive curvature current. 
By the construction we see that for every modification 

f:Y^X 

and y eY, 

Hr&hs , y) > Hr^h, y) + {c + 6)- mnltyrEo 
holds. Hence by Lemma 2.1 and Lemma 2.2 we see that 

holds for every sufficiently large m. This completes the proof of Lemma 3.2. 
Q.E.D. 



Suppose there exists a point x £ X such that for some e > 0, there exists 
an increasing sequence of positive integers {rrij} such that 

multa;Bs I mj{L,h) Mx^^^ l< (1 ~ e)U{x)mj 

holds. Let 

(jj G H^{X, Ox {rrijL) ® l{hf) ® M ^"""^^ ) 

(here for a real number a, [a] denotes the smallest integer larger or equal 
to a) be a nonzero element such that 

multj;((Tj) < (1 — e)u{x)'mj 

holds. We define the singular hermitian metric hj of L by 
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Let X £ X he a point on E such that for every m, I{'K*h^) is locally free 
on a neighbourhood of x (the neighbourhood may depend on m) . 

Let [/ be a small neighbourhood of x and let p be a C°°-function on X 
such that 

1. Supp p CC U , 

2. p = 1 on a neighbourhood of x, 

3. < p < 1 

hold. Let dx denote the distance function from x with respect to a fixed 
Kahler form to on X. 

Let uq be a sufficiently large positive integer such that 

^0®/i5 + ^^^1^ + 2n\/^dd{p\ogdx) 
is strictly positive and 

holds. Let be a C°°-hermitian metric on L. Let eo be a sufficiently small 
positive number such that 

fo6^_^ + Ric^ + 2n\f^dd{p\ogdi) - eo-n*@ho 

is strictly positive. Then by Nadel's vanishing theorem (Theorem 2.1), 

H^{X,0^{'K*L)®X{lT*hJ-^^° ■ ^^0g-2nplogdj)) ^ Q 

holds for every j and m > 0. This implies that there exists 

a e H°{X, Ox{7r*{m + uq)L) ® X(7r*/if • ^^°)) 
which generates 

0^(7r*(m + vo)L) ® X{'K*hf+'^ ■ 

at X. Let us fix an arbitrary positive integer m. We note that for every 
sufficiently large j, 

7r*(X(7r*/if • ^?)) C X(/i"*+'^°) ® xW'n+'^o)] 
holds by the construction of {hj}. Hence we see that 

mult^Bs I (m + vq){L, h) (g) M\xT^ |< (1 - + i'q)v{x) 
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holds. Since m is an arbitrary positive integer, this is the contradiction. 
Hence we conclude that for every e > 0, there exists a positive integer uq 
such that for every m>VQ 

mult^Bs I m(L, h) ® A^i^^"! |> (1 - e)mD{x) 

holds. This implies that 

lim^__^m~^multT.Bs | m{L,h) (g) M^"""^ |= u{x) 

holds. By the definition of P(x) we see that 

uix) := lim m~^multa.Bs I m(L,h) ^ M^'^^'^ I 

exists. Since x is arbitrary, this completes the proof of Theorem 3.6 except 
the last statement. The proof of the last statement is similar. Q.E.D. 



4 Fibration theorem 

4.1 The first nonvanishing theorem 

Let X be a smooth projective variety. Let D be a divisor on X and let 
A = J2 o-iAi be a Q-divisor on X. Assume the following conditions : 

1. D is nef, 

2. \A\ := J2i\^i]^i is effective, 

3. Supp{yl} is a divisor with normal crossings, where {^4} denotes the 
fractional part of A, i.e., {A} := A — [A]. 

4. there exists a positive integer a such that aD + A — Kx is nef and big. 



In [16|, Shokurov proved that under these conditions, for every sufficiently 
large positive integer 6, 

H\X,Ox{bD+\A-\))^Q 

holds. In this section, we shall prove a similar nonvanishing theorem which 
plays essential roles in this paper. 

Theorem 4.1 (The first nonvanishing theorem) Let X he a smooth projec- 
tive variety and let {L^hi) he a singular hermitian line bundle on X such 
that the curvature current Ql is positive. Let {A,hA) he a singular hermi- 
tian line hundle on X with strictly positive curvature current Qa- Then one 
of the fallowings holds. 
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1. H°{X, Ox{Kx+A + mL) (g>I{hAh'J^)) 7^ holds for every sufficiently 
large m, 

2. there exists a nontrivial numerically trivial fiber space structure 

f;X >Y, 

i.e., 

(a) f is regular over the generic point ofY, 

(h) for a very general fiber F the restriction (L, hi) \f is numerically 
trivial, 

(c) for a very general point x ^ X and every irreducible horizontal 
curve C containing x, (L, h) ■ C > holds, 

(d) dimy < dimX is minimal among such fibrations. 

Let us compare Theorem 4.1 with Shokm'ov's nonvanishing theorem above. 
The positivity of Ql in Theorem 4.1 corresponds to the nefness of D in 
Shokurov's theorem. The strict positivity of (A, /ia) corresponds to the 
the third condition in Shokurov's theorem. But the second condition in 
Shokurov's theorem does not have a counterpart in Theorem 4.1. That is 
why we have two cases. Roughly speaking Theorem 4.1 tells us what hap- 
pens, if we drop the second condition in Shokurov's theorem. To construct 
a nontrivial holomorphic section of Ox{Kx + A + mL) on X in the second 
case, we need to construct a section on a general fiber F of the numerically 
trivial fibration /: X — y. This problem will be treated in the second 

nonvanishing theorem (Theorem 4.4) later. 

The following (more algebraic) corollary follows from the proof of Theo- 
rem 4.1 (Corollary 4.1 is a corollary of the proof of Theorem 4.1. See Remark 
4.1 below.). 

Corollary 4.1 (j^. Corollary 8.1]) Let X be a smooth projective variety 
and let L be a nef line bundle on X. Let A be a big line bundle on X. Then 
one of the fallowings holds. 

1. 

H'^iX, Ox{Kx +A + mL)) ^ 
holds for every sufficiently large m, 
2. there exists a rational fibration 

f:X >Y 

such that 
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(a) f is regular over the generic point ofY, 

(b) for a very general fiber F the restriction L\p is numerically trivial, 

(c) for every general point x on X and every irreducible horizontal 
(with respect to f) curve C containing x, L ■ C > holds, 

(d) dimy < dimX is minimal among such fibrations. 

Remark 4.1 In Corollary 4-1 L may not admit a singular hermitian metric 
h such that is positive andX{h^) = Ox for every m>0 on X. But the 
proof is parallel to that of Theorem 4-1, if we change the volume IJ-{X, (A + 
mL, hAh^)) of a subvariety V in X with respect to A + mL (see Lemma 4-1 
below) by the intersection number {A + mL)'^™^ • V . 

Example 2 To illustrate our method let us consider the following example. 
Let X be an irreducible quotient of the open unit bidisk in C^, i.e. 

X = AVr, 

where T is an irreducible cocompact torsion free lattice. Let L denotes the 
line bundle such that whose curvature form comes from the Poincare metric 
on the first factor. Then one see that L is nef and = holds. In particular 
L is not big. Let ci (L) be the first Chern form of L induced by the Poincare 
metric on the first factor. On the other hand for every ample line bundle 
A, Kx + mL + A is very ample for m » 1. Moreover for every singular 
hermitian line bundle (A, /i^) with strictly positive curvature (in the sense 
of current), 

H\X, Ox{Kx+mL + A) ®l{hA)) 

gives a birational rational map from X into a projective space and even it 
separates jets of any fixed order k at very general points on X for every 
sufficiently large m (of course such m depends on k). In a sense L behaves 
more or less like an ample line bundle. 

4.2 Numerically trivial fibrations 

The following theorems are key ingredients for our proof of Theorem 4.1 and 
Theorem 1.1. 

Theorem 4.2 (^^, Theorem 1.1]) Let {L,h) be a singular hermitian line 
bundle on a smooth projective variety X . Suppose that the curvature current 
Qh is positive. Then there exists a unique (up to birational equivalence) 
rational fibration 

f:X >Y 

such that 
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1. f is regular over the generic point ofY, 

2. for every very general fiber F, (L, h) \f is well defined and is numeri- 
cally trivial (cf. Definition 3.9), 

3. dimy is minimal among such fihrations, 

4-. for a very general point x ^ X and any irreducible horizontal curve 
(with respect to f ) C containing x, (L, /i) • C > holds. 

We call the above fibration the numerically trivial fibration associated 
with (L, h). 

Remark 4.2 Let X ,{L, h) be as above. Then for any smooth divisor D on 
X, there exists a numerically trivial fibration 

fn-.D >W. 

This is simply because the restriction of the intersection theory on D exists 
and the proof of the above theorem essentially does not require the existence 
of the restriction ofQ^ on D. 

The structure of numerically trivial singular hermitian line bundles with 
positive curvature current is given as follows. 

Theorem 4.3 ([2^, Theorem 1.2]) Let {L,h) be a singular hermitian line 
bundle on a smooth projective variety X. Suppose that {L,h) is numerically 
trivial on X . Then there exist at most countably many prime divisors {Di} 
and nonnegative numbers {aj} such that 

Qh = 2'K^aiDi 

i 

holds. More generally let Y be a subvariety of X such that the restriction 
h \y is well defined. Suppose that {L,h) is numerically trivial on Y. Then 
the restriction @h \y is a sum of at most countably many prime divisors 
with nonnegative coefficients on Y . 

Theorem 4.3 gives an information on the restricion of the singular hermitian 
metric on a very general fiber of a numerically trivial fibration. 

Corollary 4.2 (^^, Corollary 3.2]) Let X be a smooth projective variety 
and let {L, h) be a singular hermitian line bundle on X such that is 
positive. Let D be a smooth divisor on X . Suppose that (L, h) is numerically 
trivial on D. Then 

SD:={xeD\uD{eh,x)>0} 
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is a sum of at most countably many prime divisors on D, where h'ni&hjx) 
is the Lelong number defined as in Section 3.6. Also 

{L - v{Qh. D) -0)0 -Y. M^h. E) ■ E 

E 

is numerically trivial on D, where E runs all the prime divisors on D. 

Remark 4.3 Corollary ^.2 still holds for a subvariety V on D, if there 
exists a curve on V such that {L, h) ■ C is well defined ( cf. [2^ , Remark 
3.1]). 

4.3 Proof of Theorem 4.1 

Let X, (L, /li), (j4, /i^) be as in Theorem 4.1. Let 

f:X >Y 

be the numerically fibration associated with {L,hL). If dimK < dimX 
holds, then this is the desired fibration. Hence we shall assume that / is 
the identity morphism. In other words, for a very general point x on X 
and any irreducible curve C containing x, hi \c is well defined and 

{L,hL)-C>Q 

holds. We say that {L^hi) is very generically numerically positive. 

Lemma 4.1 (f^, Lemma 4-1]) Suppose that {L,hi,) is not numerically 
trivial. Then for every ample line bundle H on X 

hmm^oom" V(^, {H + ^L, huh'J^)) > 

holds, where hn is any C°° hermitian metric with strictly positive curvature 
on H . 

Proof. Let n be the dimension of X. We prove this lemma by induction on 
n. If n = 1, Lemma 4.1 is trivial. Let tt : X — > be a Lefschetz pencil 
associated with a very ample linear system say \ H \ on X. If we take the 
pencil very general, we may assume that is an ideal sheaf on all fibers 

of vr for every i > 1. And let 

b: X — > X 

be the modification associated with the pencil and let E be the exceptional 
divisor of b. Then by the inductive assumption for a very general fiber F of 
TT, we see that 

mim-.oom-^n{F,b*{H + mL,hHh'E))>0 
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holds. Let us consider the direct image 

£m,i ■■= 7r,Oji{eb*{H + ml)) ^I{b*hf)). 
By Grothendiek's theorem, we see that 

£m/ ~ eLiCpi(aj) 

for some aj = ai{m,£) and r = r{m,i). By the inductive assumption, we 
see that 

holds. We note that iQb*H — E is ample for some positive integer Iq. Hence 
we see that 

Oj^{£ob*H-E) 

admits a C°°-hemitian metric with strictly positive curvature. Hence by 
Nadel's vanishing theorem |14, p. 561] there is a positive constant c such 
that 



H\X,Oj^{eb*{H + mL- —E))0l{b*h'l^^)0TT*Opi{-\ci'])) = 



1 

^0 

holds for every sufficiently large £ divisible by Eq. This implies that 

lim^_^oo^~"'^(minaj) > c 

i 

holds and 

]i^e^oor'^ dimH^iX, Oj^{ep*{H + ml)) ^I{p*{hf% > 
holds. Hence we see that 

]i^rn^oom-^ i^e^ooi^'^ dim {X, O ^ {tb* {H + mL))^ I {b*{h'£% > 
holds. Since 

b,I{b*hf) c liih^')) 
holds by Lemma 2.1, we see that 

IEE^_oom- V(^, {H + mL, hnhf)) > 

holds. Here we have assumed that H to be sufficiently very ample. To prove 
the general case of Lemma 4.1, we argue as follows. Let H be any ample 
line bundle on X. Then 

{a{H + ml), h%hf')) = a" • ^x{X, (H + mL, huhf)) 
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holds for every positive integer a. Now it is clear that Lemma 4.1 holds for 
any ample line bundle H. This completes the proof of Lemma 4.1. Q.E.D. 



Let -ff be a very ample line bundle on X and let be a C°°-hermitian 
metric on H. Since the curvature @a of Ha is strictly positive, we see that 
for every sufficiently small positive number e. 

li{X, {A-€H,hAhH'))>0 

holds by Theorem 2.1. 

By the assumption (L,hL) is very generically numerically positive on X. 
Let i/Q be a positive integer and let us consider the singular hermitian line 
bundle {i/qL + A,h'^hA) on X. By Lemma 4.1 we can take a sufficiently 
large so that 

fi{X, {uoL + A, hl°hA)) > e'^/x(X, {uqL + eH, U'^hSj)) > 2"(n + 1)^" 
hold. 

Lemma 4.2 Let x & X be a very general point such that i'{Ql,x) = 
^{Qa, x) = hold. 

Then for every sufficiently large positive integer m, 

H^X, Ox{m{uoL + A) ® lHhAh^T) ^ >lf 

holds, where M.x denotes the maximal ideal sheaf at x. 

Proof. Let us consider the following morphism 

H\X,Ox{m{voL + A) (^l{{hAh''^r)) ^ 
//"(X, Ox{m{uoL + A)® I{{hAhl°r)/Mf^''+^'>'"') 

The kernel of this morphism is exactly 

H\X,Oxim{iyoL + A) ^I{{hAh''°D ^ Mf^''+^^^'^). 

If we take x very general we may assume that i'{@l,x) = holds. Hence 
I{h^)x = Ox,x holds for every m > by Lemma 2.2. Since 

on/ _|_ 1 'i2rt 

dimH\X,Oxim{iyoL+A)®I{{hAhl')"')/Mf^''+^^ = ^ J, ^ m"+0(m''-^) 
and 

fi{X, {uoL + A, hl°hA)) > 2"(n + if"" 
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hold, for every sufficiently large m, 

dimH^iX, Ox{m{uQL + A)® I{{hAh''°D) > 
dim H\X, Ox{m{iyoL + A) ^ I{{hAh''°D/Mf^''+^^^'^) 

holds. This completes the proof of Lemma 4.2. Q.E.D. 

Let a; be a very general point of X such that iy{QL,x) = iy{QA,x) = 
hold and for every irreducible curve C containing x |c is well defined and 
satisfies 

{L,hL)-C>0. 

Let £ be a sufficiently small positive number. Let mo be a sufficiently large 
positive number and let 

(70 G H^'iX, Ox{mo{uoL + A) ® X((/ia^^°)"*°) ® 2(n+l)2mo) 

be a general nonzero section. 

Let ho be the singular hermiaitn metric on vqL + A defined by 

hn 



I (70 1^/""° ' 

Let be the positive number defined by 

ao := inf{a | {Ox/X{K)). ^ 0}. 

We set 

Vi := limSpec(C';t/2:(a/ + 6)). 

5J.0 

And let Xi be a branch of Vi containing x. Then since ctq is an element of 
we see that 

"'^^^ 

holds. Let us take mo sufficiently large and ctq very general. 
Remark 4.4 By Theorem 3. 6 for every mg > mo and very general 

we see that 

Xi C Spec{Ox/mh'or+'°)) 

holds, where do is a positive number which tends to as mo tends to infinity. 
Hence even if we move mo, only finitely many subvarieties appears as Xi as 
far as we take ao very general. 
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We set 

ni := dimXi. 

We note that \xi is well defined and {L^hi) is not numerically trivial on 
Xi by the choice of x. In this case by Lemma 4.1 we take a sufficiently large 
positive integer vi so that 

Then we have the following lemma. 

Lemma 4.3 Let xi he a very general point on Xi^reg- Then for every suf- 
ficiently large positive integer m, 

H^iXi, {OxMi^oL + A)^I{{hAhl^r))/tor ® q 

holds. 

Proof. Let xi be a very general point on Xi^reg such that i^iQ^^h"^ , xi) = 
holds. Then for every m, I{{hAh'2)^)xi = (^x,xi holds. Then the proof of 
Lemma 4.3 is parallel to that of Lemma 4.2. Q.E.D. 

Let E be an effective Q-divisor such that A + viL — E is ample (such a 
divisor exists by Kodaira's lemma ||ll|, Appendix]). We set 

Hi=r{A + uiL- E), 

where r is a positive integer such that H is an integral divisor on X. Then 
by Nadel's vanishing theorem, we have the following lemma. 

Lemma 4.4 If we take r sufficiently large, then 

4>m : H^{X,Ox{m{uiL + A) + H) <g)I{{hAhl'r)) ^ 

H^{Xi,OxAm{i^iL + A) + Hi) ®l{{hAh'lT)) 
is surjective for every m >0. 

Proof. Let us take a locally free resolution of the ideal sheaf Ixi of Xi . 
0^Ix,^£i^£2< ^£i^0. 

Then by the trivial extension of Nadel's vanishing theorem to the case of 
vector bundles, if r is sufficiently large, we have : 
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Sublemma 4.1 

H'^iX, Ox{m{uiL + A)+ Hi) l{{hAh''^D ® Sj) = 
holds for every m>\,q>l and 1 < j < k. 

In fact if we take r sufficiently large, we see that for every j, Ox{H —Kx)(^£j 
admits a C°°-liermitian metric gj such that 

holds, where cj is a Kahler form on X. By js]. Theorem 4.1.2 and Lemma 
4.2.2], we completes the proof of Sublemma 4.1. Q.E.D. 

Let 

Pm ■ ^ X 

be a composition of successive blowing ups with smooth centers such that 
p*^I{{hAh''°)'^) is locally free on Y^. 

Sublemma 4.2 

holds for every p > 1 and m > 1 . 

Proof. This sublemma follows from Theorem 2.1. Q.E.D. 
We note that by the definition of the multiplier ideal sheaves 

Pm.{OY^{KYj(^T{p*m{hAhl'r)) = Ox{Kx) ^ lHhAhl'D 

holds. Hence by Sublemma 4.1, Sublemma 4.2 and the Leray spectral se- 
quence, we see that 

H^Yn,,OY^{KY^+pl,{rn{ulL+A)+Hl-Kx))mP*rn{hAh2T)'^Pl^£^ = 
holds for every ^ > 1 and m > 1. Hence 

holds. Hence every element of 

/7O(y™,Oy„(Ky„+p;,(m(z.iL+^)+Fl-Kx)0X(p:;,(/iA/iI'^)™))®Oy„/p:„XxJ 
extends to an element of 

H\Ym,OY^{KY„,+p*m{m{i^iL + A) + Hi- Kx) lipUhAhlT))) 
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Also there exists a natural map 

Oxi {m{uiL + A)+ Hi) (g) I{{hAhl°r)) ^ 

H°{Y^,OYjKY^+pUM^iL+A)+H,-Kx))mPl{hAhinn)®OYjp^^ 
Hence we can extend every element of 

p*^H\Xi,Ox, {m{uiL + A)+ Hi) ® X((/iA/i^°)"*)) 

to an element of 

H\Ym, Oy^ {Ky^ + P*mim{uiL + A) + H^ - Kx)) ® T{p%,{hAh''£)^))) 
Since 

H\Ym,OY^{KY^+pl,{m{uiL + A) + Hi - Kx) ®I{pl,{hAhl^)^))) 

H\X, Oxim{uiL + A) + Hi) 1{{hAh''£)"')) 
holds by the isomorphism 

p^^iOY^iKYj^TipUhAh^'lT))) = OxiKx)0l{ihAhinn, 
this completes the proof of Lemma 4.4. Q.E.D. 



Let Ti be a nonzero clement of H^ {X ,0 x{Hi)) . Let xi be a very general 
point on Xi ^eg such that '^(©/i^/j'^i j 2:1) = holds. Let mi be a sufficiently 
large positive integer and let 

a'l e /f°(Xi,Oxi(mi(z/iL + A) ®X((/iA/i^°ri)/tor® A4ff(n+i)2rni) 

be a nonzero element. We note that if Xi is smooth (and if we take x very 
general) , 

OxAmi{iyiL + A)^I{{hAhl°)'^') 

is torsion free, since it is a subsheaf of a locally free sheaf on a smooth 
variety. 
Let 

p:X — ^X 

be an embedded resolution and let X[ be the strict transform of Xi. We 
may consider a'l as an element of 
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Hence a[ can be lifted to an element of 

if it vanishes on (p* Xi — X'i)nX'i. Such a nonzero element a'l certainly exists, 
if mi is sufficiently large. Hence we may assume that (j[ is an element of 

iX[ , Ox'^ {p* {miiuiL + A)) (g) p* {I{{hAhl° )™i ) ® ^^(n+i)^^! ) ) ^ 

Let o"! be an extension of 

a[ Ti G H'^iXuOxAmML + A) + H^) ®I{{hAhl^r^)) 

to X. This extension is possible by Lemma 4.4. Then we set 

hi := . 

I I r + m-i 

Then hi is a singular hermitian metric of ^ + viL with positive curvature 
current. 

Suppose that x is a regular point of Xi. In this case we shall take xi = x. 
Let £0 be a sufficiently small positive number. We define a positive number 
Qi by 

ai = inf{a > | {Ox /lih^"-'" • /i?). / 0}. 
Let us recall the following lemma. 



Lemma 4.5 ([21, p. 12, Lemma 6]) Let a,b be positive numbers. Then 

JoWT^' '-"'^ Jo 

holds, where 



f3 



r3 = r2/r{ . 

By Lemma 4.5 (if we take eo sufficiently small), we see that 
holds. 

Suppose that x is a singular point of Xi. In this case letting xi tend to 
X, we define the singular hermitian metric hi. To estimate oi, we use the 
following lemma 

Lemma 4.6 Let be a plurisubharmonic function on A" x A. Let ipt{t S 
A) be the restriction of ip on A" x {t}. Assume that e^*^* does not belong 
to Lj^^iA"-, O) for every t £ A* . 

Then e~'^° is not locally integrable at O £ A". 
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Lemma 4.6 is an immediate consequence of the L^-extension theorem ([^, 
p. 200, Theorem]). By Lemma 4.6 we have the same estimate 

1 

a-i < — 
- 2n 

also in the case that x is a singular point of Xi. We define 

and let X2 be a branch of V2 containing x. By the choice of x, hi is well 
defined and {L,hL) is not numerically trivial on X2- 

By the above argument, inductively we obtain the strictly decreasing 
sequence of subvarieties: 

X = XoD XiD ■■■XrD Xr+l = {x} 

(the last subvariety Xr+i is a point by the choice of x, i.e. by the numerical 
positivity of {L^hi) at x) and the positive numbers {Qj}[^Q depending 
on small positive numbers {ei}[=o- Since 



1 



mL + A for every m > J2i=o (^i^i by 



holds by the construction, we can define a singular hermitian metric hx on 

r-1 



i=0 

where Sq, . . . ,er are sufficiently small positive numbers. Then the curvature 
Qf^ is a closed strictly positive (1, l)-current on X since 

r— 1 1 r 

1=0 1=0 i=0 

6^,(0 < f < r),GL(= G;,J > 0,Ga(= Oh^) > 0, 

r— 1 r 
1 - (^(ctj - £»)) - ("r +£r)) > 0,m - ^ajZ^i > 
i=0 i=0 

hold. 

And moreover I{hx) defines a subscheme of isolated support at x, if we 
have taken x to be a very general point on X. 
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If 

holds, applying Nadel's vanishing theorem (Theorem 2.1), we see that for 
every m > Y^aiVi there exists a section 

a e H^{X, Ox{Kx + A + mL) ® 

such that a{x) ^ holds. But at this stage it is not clear that the above 
inclusion holds. The reason is that ho, . . . ,hr may have weaker singularities 
than hAh'^i , . . . , hAh'^ at some points on X respectively, i.e. hAh'^ /hi{i = 
0, . . . , r) may not be bounded on X. 
Suppose that 

nk) % AhAhf) 

holds. Let us fix m such that 

r 

m > ^UiVi. 

1=0 

and 

Pm : X 

be a modification such that pj^J(/i™/i^) is locally free on X^'^\ Let Dj^ = 
J2k ^m,k^m,k be the integral divisor such that 

0^,^,{-Dm)=p*mAhfhA). 

As is seen in Remark 4.4, we have only finitely many choices of Xi, . . . X^. 
Hence we may assume that Xi, . . . ,Xr are independent of mo, • . . , m^-i. 

Sublemma 4.3 There exists a positive constant C such that 

(J 

holds for every y G X^'^\ < i < r and k. 
Proof. Since 

ai e H\X, Oxiirrii + n){viL + A)) 1{{hAh'2r')) 
holds, by Lemma 2.2, by the definition of hi we see that 

TTt ' 1 
'^{Pm®hi,Dm,k) > ^—J^iPmi^A + l'i@L),Dm,k) ; (ofe + 1) 
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holds, where > is the coefficient of -Drn.fe in the discrepancy Kx(m) — 
PmKx, i.e. 

Kx(rr,) - PmKx = XI '^kDra,k 
k 

holds. Hence there exists a positive constant C such that 

(J 

"(Pm^hAh^/^^^^k) - l^{p*Ai,Dm,k) < — 

holds for every y G X^"*), < z < r and A;. Q.E.D. 

Sublemma 4.3 means that if we take nii very large, then hAfi^/hi has very 
small singularities on X, even if it is not bounded on X. 
To assure the inclusion 

c lihAhf), 

we modify the argument as follows. Let us fix m > Yh=o (^i^i- We set 

S{= Sm) := Spec{OxmhfhA))red- 
Let If be an almost plurisubharmonic function which is expressed locally: 

= log^ I fj |2 +C~-function, 

j 

where {fj} is a finite set of local generators of the ideal of S. We set 

hx •— hx * 6 

where 5 is a small positive number so that Qhx is strictly positive. 
By this modification and Sublemma 4.3, we see that 

I(hx) c lih'EhA) 

holds, if niQ, . . . , nir are sufficiently large. 

In fact this can be verified as follows. If we take S so that 

s»y — 

holds (this does not violate the fact that we need to take 6 sufficiently small, 
because {m^l's can be arbitrary large), 

^{p*m^K.Dm,i) > u{p*^{eA + mQL),Dm,i) 
holds for every i, if we take mo, . . . , rrir sufficiently large. 
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Hene by Lemma 2.2, we have the inclusion: 

I{h^)-^I{hfhA). 

Then by Nadel's vanishing theorem (Theorem 2.1) we see that 

OxiKx + mL + A)^ AKhA)) ^ 

for every m > X]i=o "i^j- '^'^^^ completes the proof of Theorem 4.1. Q.E.D. 

Remark 4.5 By modifying the above proof in the first case of Theorem 4-1, 
it is not hard to show that 

H\X, OxiKx + A + mL)^ I{hAhf)) 

gives a birational rational map from X into a projective space for every 
sufficiently large m. 

4.4 The second nonvanishing theorem 

In this subsection we shall consider the existence of sections of a numerically 
trivial singular hermitian line bundles twisted by some line bundle. 

Let (L, h) be a singular hermitian line bundle on a smooth projective 
variety Y such that @h is closed positive on Y. Let J2i=i be a divisor 
with normal crossings on Y. Let X be a smooth subvariety defined by 

X = ZiD-'-nZr. 

We say such a subvariety X a transverse complete intersection in Y. 

Suppose that {L, h) is numerically trivial on Y. Then by Theorem 
4.3, we see that there exists at most coutably many prime divisors {-Pfe} and 
nonnegative real numbers {a^} such that 

= 27r ^ ajfcFfc 
k 

holds. Let be a nonzero global section of C'y(Ffc) with divisor F^. Then 
we see that there exists a positive constant C such that 




We shall assume that {Zi, . . . Zr} contains all the divisorial components 
of {y & Y \ u{Qh,y) > 0} containing X. In this case we say that X is 
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a transverse complete intersection with respect to {L,h). Then for 
every m > 1, we see that 

r 

Ox{mL) ® = Ox{mL - ^[m • 1/(0/,, Z^)]Zi) (E)ix{h"'), 

i=l 

holds for some ideal sheaf Ix{h"^) on X, since the lefthandside is a subsheaf 
of the locally free sheaf OximL — X]i=i["T' " ^{^h-, Zi)]Zi) on the smooth 
variety X. We define the Lelong number ux{Qh^x){x G X) by 

vx{Qh,x) := lim^_»oo'7i~^mult^Spec(Ox/-fx(^"'))- 

And define 

where "^JixihF^ is defined by 

where a runs all the germs of ix{h'^)x- 

Then by successive use of Corollary 4.2 we see that 

S:= {xeX\ux{@h,x)>0} 

consists of countably many prime divisors on X. We set 

j 

dj ■■= i^x{@h,Dj) 

and 

D:=J2d,Dj. 

j 

Then since Qh is a sum of at most countably prime divisors with nonnegative 
real coefficients by Theorem 4.3, we see that 

Ixih"") =I{mD) 

holds for every m > 0, since X is a transverse complete intersection with 
respect to (L, h). 

The following theorem is as important as Theorem 4.1. 



39 



Theorem 4.4 (The second nonvanishing theorem) Let Y be a smooth pro- 
jective variety and let {L, h) he a numerically trivial singular hermitian line 
bundle on Y . Let X = Zi H ■ ■ ■ f] be a transverse complete intersection 
subvariety with respect to {L,h). We set 

Ui := u{Qh,Zi) 

and, let Q be nonzero global section in r(y, Oy(Zj)) with divisor Zi for 
1 < i < r. For 1 < i < r let hzi be a C°° -hermitian metric on OyiZi) 
respectively. Let u be a C°°-Kdhler form on X. Let A = J2k^k-^k be a 
Ti-divisor on X and let denotes a nonzero global section ofOx{A-k) with 
divisor for every k. Suppose that the following conditions are satisfied. 

1. SuppA = J2k^k *s 0, divisor with normal crossings, 

2. \A'\ is effective, 

3. there exists a C°° -hermitian metric Ha-Kx ^^^^ strictly positive cur- 
vature on the Yi-line bundle A — Kx such that there exists a positive 
number 6 such that for every m > 1 satisfying 

{mvi} < S 

the curvature current of the singular hermitian metric 

hm := . hA-Kx ■ (n 47'''^- I P'^^O • (11 
i=l k 

on OxilA] — Kx + mL — Y^i[mvi]Zi) , satisfies the inequality 

®hm >c-u, 

where c is a positive number independent of such m. 

Then there are finitely many positive numbers to, ai, . . . ,ai, Pi, . . . , Pp and a 
small positive number e such that for every m>to satisfying the inequalities 

I {mas) — mas |< £ < s < i), 

<| \mPg] - m(3q \<e {l<q<p) 
and {mvi} < 6 {1 < i < r), 

H\X, Oxi\A] + mL) ® Xx(/im)) / 

holds. In other words for such m >to 



H\X,Oxi\A] +mL) C5Tx((n ^f^" I I'""') " ^f^l " ^")) ^ « 

i=l 
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holds, where H^a] denotes the singular hermitian metric on Ox{\A^) defined 
by 

k 

Moreover the set of such m is nonempty and infinite. 

Proof of Theorem 4.4. Let n denote dimX. We prove this theorem by 
induction on n. If n = 1, by the assumption for every m > 1 such that 

{mn} < <5 (1 < < ■r) 

hold, 

degx Ox{\A~\ + mL) ® T{hm) > degx Kx 

holds (such a positive integer m certainly exists by Lemma 4.7 below). Since 
dimX = 1, Oxir^l + "i-^) ®'^{hm) is an invertible sheaf on X. Hence for 
such m 

H\X,Ox{\A-\ +mL)®T{hm))^Q 

holds by the Kodaira vanishing theorem and the Riemann-Roch theorem. 

Suppose that the theorem holds for every X with dimX < n. Let us 
consider the case that dimX = n. We set 

S:={xeX\vx{Qh.x)>0}. 

Then S consists of at most countably many prime divisors on X. Let 

be the irreducible decomposition. We set 

dj ■■= vx{Qh,Dj). 
We shall consider the following two cases. 

Case 1: jjj = oo, 
Case 2: (t J < oo. 

First let us consider Case 1. Let be a very ample smooth divisor on X. 
We may assume that 27ra; is a 1-st Chern form of Ox{H). Now we have the 
following sublemma. 

Sublemma 4.4 There exists a positive number 5h such that for every ef- 
fective H- divisor E on X such that 

H — E is ample. 
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Proof of Sublemma 4.4. Since for every positive number a 

{ci{E) e H'^iX, R)\E: effective R-divisor, i?""^ ■ E < a} 

is relatively compact in R), This follows from Kleinman's criterion 

for ampleness. Q.E.D. 

Then there exists some Dj, say Dq such that 

1. Dq(^ SuppA, 

2. do-H^'-^-Do « ic-fe 

hold. Since i/""^ • (J^jej djDj) is finite and is infinite, there exists such 
Dq. We may assume that Dq is a smooth divisor. In fact let 

vry : y — >Y 

be an embedded resolution of Dq obtained by successive blow ups with 
smooth centers. Let Dq denote the strict transform of -Dq in Let X be 
the strict transform of X in y and let 

TT-.X yX 

be the restriction of Try to X. Let E be the effective divisor defined by 

E:=K^- Tr*Kx. 
We define the divisor yl on X by 

A :='iT*A + E. 

If we take Try properly we may assume that Supp A is a divisor with normal 
crossings. Wc note that [A] is effective, if and only if X{—A) — Oj^ holds. 
We note that that 

K^-A = 7:*{Kx-A) 

holds by the definition of A. Hence [A] is also effective. Also the above 
formula implies that for every m > 1 such that 

{mvi} < 6 (1 < ^ < 

there exists a C°°-hermitian metric h^_j^ . on the R-line bundle A — Kx 
such that 

^ i=l k 
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is a singular hermitian metric on C'x( [^1 — Kj^ + rmr*L — J2i[^^i]^i) such 
that the curvature current O^^ satisfies the inequahty 

@% > C • 77*10. 

We note that there exists an effective divisor E' supported on Ered 8'iid a 
C°° -hermitian metric hE' on 0-^{E') such that 

uj{= = c ■ 7r*a; + A • 

is a C°°-Kahler form on X for every sufficiently small positive number A. Let 
Ao be a sufficiently small positive number such that \A — XqE'] is effective 
and u)(Ao) is a Kahler form on X. Then if we replace (Y,X, {L,h), Dq, A) 
by (y, X, TTy (L, h), Dq,A — XqE'), we may assume that Dq is smooth, since 
by the definition of A 



7r*H^{X,0^{\A-XoE'] +mL) ® J^(7r*((n 47"'^- I Q I'^'O-^r^l ' h^)) 



^^{mui} 

i=l 

is contained in 



1=1 

holds. Now we assume that Dq is smooth. 
Wc need the following lemma. 

Lemma 4.7 Let ai,...ai are positive numbers. Let us consider the se- 
quence 

{([mai], . . . , [mae]) | m G N} 
in (R/Z)^. Then there exist a connected subgroup T of (R/Z)^ such that 

T r\ {{[mai], . . . ,[mai]) | m G N} 

is dense in T. 

Proof of Lemma 4.7. Let T' denote the closure of {([mai], . . . , [ma(\) \ 
m G N}. Then T' contains the origin. Let T be the connected component 
containing the identity. Then by the definition of T, for every positive in- 
teger m, ([mai], . . . , [ma^]) has an inverse in T. This means that T is a 
connected subgroup of (R/Z)^. It is clear that T satisfies the desired prop- 
erty. Q.E.D. 

Suppose that m is a positive integer such that {— mdo} is a nonzero num- 
ber satisfying 

{-mdo} ■ {H^-' ■ Do) <^c-5h 
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and 

{mvi} < 6 < i < r) 

hold. By Lemma 4.7 such a positive integer m exists, if we take do sufficiently 
small. For such m, by the assumption there exists a C°° hermitian metric 
hA-Kx on the R-line bundle A — Kx such that 

hm := ■ hA-Kx ■ (fl 4T^- I Ci 1'™'^') • (11 I 
1=1 k 

is a singular hermitian metric on C>x([^l ~ Kx +mL — Y^\=]\mvi\Zi) such 
that satisfies the inequality 

Let ho be a C°°-hermitian metric on Ox{Dq) and let (Jq G r(X, Ox(-Do)) 
be a nonzero global section with divisor Dq. Then if we take /to properly, 
by the choice of Dq and Sublemma 4.4 



is a singular hermitian metric on ©^([^l — Kx + — Yl\^i\rni'i\Zi) such 
that the curvature current satisfies the inequality 

9f > -c- u 

on X. This implies that 

H^{X, Ox{\A-\ + mL) ® Txihm)) = 

holds. Hence 

H\X,Ox{\A-\+Do+mL)mx{hm)) ^ H\Do,OD,{\A-\+Do+mL)mx{hm)) 
is surjective for such m. By the construction of hm we see that 

holds. In fact this can be verified as follows. First by the definition of hm, 
it is clear that 

:[x{hm) C Ixih^A-] ■ hn 

holds. Let w : X' — > X be a modification such that ■uj*Zx(hm) and 
w*Tx{h<^A'\ ■ h^) are locally free. Take a sufficiently small open set U 
in X and any local section a of Ix{hm){U)- Then w*a is an element of 
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w*Tx{h^A'\ ■ ^(^)) which is identically on the strict transform of 

Dq in vo~'^{U). Hence we have that a £ (2x(^rAl • h"^) ® Ox{-Do)){U) 
holds. 

Since Dq is not contained in the support of vl, we see that \A {dq] is 
effective. Since K^^ = {Kx + Dq) holds by the adjunction formula, we 
see that for such m, there exists a C°°-hermitian metric /i^lu -Kb ™ 
R-line bundle A —K^^ such that 

V^o := \n.= h--hAW^KBMht'''- I p--)-(n I rk r^^^"^""")-( ,'){-^.o} ^ 

is a singular hermitian metric on 

r 

OdMM -Kx+mL- Y,[mv,]Zi - [mdo] • Dq) 

i=l 

such that the curvature current QhTn,Do satisfies the inequality 
Since 

holds by the L^-extension theorem cf. Lemma 4.6 above), 

H'^{Do,Odo{\A \Do]+mL)0l{h^,Do)) ^ H^{Do,Odo{\A |z)J+mL)0T(/i™)) 
holds. Hence if 

H^{Do,Odo{\A IdJ +mL)® J(Vi?o)) 
holds, then by the above argument, we see that 

H''{X,Ox{\A-\ +mL)0lx{hra))y^O 

holds. 

By the definition of Dq, \A I/j^] is effective. Hence repeating the same 
procedure, we may continue the argument and reduce the problem to the 
(1-dimension) lower dimensional case. We note that -Dq may not be a trans- 
verse complete intersection with respect to (L, h) in Y, but it is a smooth 
divisor on X. Hence essentially we may apply the inducton. In fact only 
difference is that we should consider the R-line bundle m{L — J2i=i ^iDi) on 
X instead of raL. But as above this does not matter, if the residual divisor 
Yli=i{'mi'i}Di is sufficiently small. By the inductive argument (see also the 
second case below), setting dp to be one of . . . , /3p} in the statement of 
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Theorem 4.4, we completes the proof of Theorem 4.4 in this case. 

Next let us consider the second case, i.e. the case that jjJ < oo. By- 
taking a suitable modification of X in Y , we may assume that 

is a divisor with normal crossings on X. 

In this case we quote the following theorem. 

Theorem 4.5 p. J^21, Theorem 3]) Let M he a smooth projective variety 
and let A he an divisor on X with real coefficients such that 

1. Supp{A} is a divisor with normal crossings, 

2. \A\ is effective, 

3. A — Km is ample. 

Let L be a line bundle and let D = J2 djDj be an effective divisor with 
real coefficients on M such that L — D is nef and Supp D is a divisor with 
normal crossings. Then there exist positive numbers to and e such that for 
every integer m satisfying 

m > to and \ (mdj) — mdj |< e, 

H^{M,Om{\A] - (mD) + mL)) ^ 
holds, where for a real number d, (d) denotes the integer such that 

1 1 

d--<(d)<d+- 

and 

imD) := ^{mdj)Dj. 
j 

Remark 4.6 By Lemma 4-7, the set ofm satisfying the inequalities in The- 
orem 4-5 is nonempty and infinite. 

Let us continue the proof of Theorem 4.4. We note that 

r 

1=1 JgJ 
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is numerically trivial on X. Also by the assumption for every positive num- 
ber £ for every 1 < i < r and j £ J there exists a positive integer m such 
that 

I (mdj) — mdj \< e (j £ J) 

and 

I [mfj] \< S (1 < ^ < 

hold. The existence of such m follows from Lemma 4.7. 

We cannot apply Theorem 4.5 directly in our situation, since Ox{Zi) \x 
is not effective. To use the Cartier divisor mL — X]i=i["^^j]-^i instead of 
the R-divisor mL — Y7i=i fn^iZi, we need to dispose of the residual divisor 
Y^\^i{mvi\ Zi. This residual divisor can be absorbed in A in the following 
manner, if {mfj}, 1 < i < r are sufficiently small. Let us take a very ample 
divisor H as above. We may assume that A + H is a. divisor with normal 
crossings. Let us take a positive rational number so that A — eqH — Kx 
is ample. Then there exists a positive rational number such that if 

{mv.)] < (5o(l <i<r), 

then 

r 

£qH - ^{mh'i}Zi 

1=1 

is Q-linearly equivalent to an ample effective Q-divisor B. We may assume 
that A + H + B is a divisor with normal crossings. Then we see that 

r 

^{mvi}Zi ~Q £qH - B 

i=l 

and 

r 

A - eqH + ^{mi/ijZj r^qA-B 

i=l 

hold, where ~q denotes the Q-linear equivalence relation. Also we note 
that we may assume that [^4 — 5] = [A] holds. Thus if {mi'i} < 6q holds 
for every 1 < i < r, we may neglect the residual divisor Y^\^i{mvi}Zi by the 
perturbation of the divisor A. This argument has already been used in [^] 
to prove Theorem 4.5. The essential part of the proof of Theorem 4.5 is this 
argument and the rest of the proof is parallel to the proof of the Shokurov's 
nonvanishing theorem (||l6[). In this way we can dispose of R-divisors, if 
the residual part is sufficiently small. 

Then by Theorem 4.5 if we replace 6 by min((5, (5o), we see that there 
exists a positive numbers to and e such that 

H\X, Ox{\A-\ + mL - [m • ^ ViZi] - [m^ d,!?,])) / 
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holds, if 

I {mdj) — mdj \< e {j E J) 

and 

and m > tQ. This completes the proof of Theorem 4.4. 
Q.E.D. 

Remark 4.7 We note that in Theorem 4-5 for every flat line bundle F on 
M and a positive integer m such that 

m >to and \ {mdj) — mdj \< e, 

m{M, Om{\A'\ - {mD) + mL + F)) = 

holds for every q > 1 by the assumption. And we note that the curvature 

of the singular hermitian line bundle is stable under tensoring a flat line 
bundle. Hence we see that Theorem 4-4 holds also for the nonvanishing of 

H''{X,Ox{\A] +mL + Fx)®Tx{hm)), 
where Fx is an arbitrary flat line bundle on X. 

4.5 Volume of the stable fixed component 

We call the set 

SBs(Kx) := n^>iSuppBs | mKx \ 
the stable base locus of Kx- 

Theorem 4.6 Let V be a divisorial component of SBs{Kx)- Then 

fi{V,Kx)i=fi{V,iKx,h))) = 
holds (for the definition of fi{V, Kx) see Definition 3.5). 

Proof. Let F be a divisorial component of SBs(ifx)- Taking an embedded 
resolution of V, we may assume that V is smooth. Suppose that /x(V, Kx) > 
holds. 

Let mo be a positive integer such that ^\moKx\ gives a birational rational 
map onto its image. By taking a suitablve modification, we may assume that 
Bs I moKx I is a divisor. Let 

I moKx 1=1 P I +F 
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be the decomposition into the free part | P \ and the fixed component F. 
Let hp be a C°°-hermitian metric on Ox{P) with semipositive curvature 
defined by a puh back of the Fubini-Study metric on 0(1) by ^\p\- We set 

r'y = multyBs | tuqKx \ —moi'{Qh, ^) 

and 



if > 
if = 



We note that if I'iQhi V) is 0, > 1 holds by the assumption. 

By Kodaira's lemma Appendix]) there exists an effective Q-divisor 
E such that P — E is positive. Let hp^E be a C°°-hermitian metric on the 
Q-line bundle Ox{P — E) with strictly positive curvature. Then hp^E is 
considered as a singular hermitian metric on moKx as follows. Let a be a 
positive integer such that aE is an integral divisor. Let a be a global section 
of Ox{clE) with divisor aE. Then 

'ip,E ■= -J 

I (T I a 

is a singular hermitian metric on uioKx with strictly positive curvature. Let 
e be a sufficiently small positive number. For m > nio/rv, we set 

''■m,e — ''■p '''P,E' 

Then hm,e is a singular hermitian metric on niKx with strictly positive 
curvature. By Nadel's vanishing theorem (Theorem 2.1) we have that 

H^{X,Oxi{m + l)Kx)^I{hm,e)) = 

holds. Hence 

H\X,Oxiim+l)Kx+Vm{hm,e)) ^ H^V, Ov{{m+l)Kx+V)^I{hm,e)) 

is surjective. Let G be any effective divisor on V. Since fj,{V, Kx) is positive, 

H\V,OvimKx -G) ®T(/i"")) 

holds for every sufficiently large m. Since G is an arbitrary effective divisor 
on V, this implies that for any fixed effective divisor G' on V, 

H\V,Ov{mKx - G') ®T(Ve)) / 

holds for every sufficiently large m. Hence we see that 

H\V, Ov{{m + l)Kx + V)® I{hm,e)) / 
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holds for every sufficiently large m. We note that by the definition of hm,e 
on the generic point of V 

Ov{{m + l)Kx+V)®I{hm,e) 

is a subsheaf of 

Ov{{m + l)Kx - [(m - 1) • 1/(6/,, V)V]), 
if > and is a subsheaf of 

Ov{{m + l)Kx - [((m - 1) • v{Qh, V) - l)V]), 

if r'y = 0. 

If i^(6/i, V) is positive, taking e sufficiently small, we see that 
multyBs I (m + l)Kx \<m- vi&h, V) 
holds. This is the contradiciton. If z^(6/i, V) is 0, then we see that 

multyBs I (m + l)Kx \= 
holds. This also contradicts the assumption that V is in SBs(Kx)- Q.E.D. 

4.6 Fibration theorem 

Using Theorem 4.1, we have the following theorem. 

Theorem 4.7 Let X be a smooth projective variety of general type and let h 

be an AZD of Kx- Let F be a divisorial irreducible component of the stable 
base locus of Kx ■ Then (Kx , h) defines a nontrivial numerically trivial fiber 
space structure on F , i.e. there exists a unique (up to birational equivalence) 
rational fibration 

f:F >W 

such that 

1. for a very general fiber V, {Kx,h) is numerically trivial on V, where 
h is an AZD of Kx, 

2. dim W is minimal among such fibrations and is less than dim F, 

3. for a very general point x on F and any irreducible horizontal curve 
C G F containing x, {Kx, h) ■ C > holds. 

Moreover if F is smooth, then f is regular over the generic point ofW. 
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Proof. By taking an embedded resolution, we may assume that F is smooth. 
Let mo be a positive integer such that ^\moKx\ ^ birational rational map 
onto its image. Taking a suitable modification, if necessary, we may assume 
that Bs I moKx \ is a divisor with normal crossings. Let 

I moKx 1=1 P I + '^aiDi 

i 

be the decomposition of | moKx \ into the free part | P \ and the fixed 
component Y^^aiDi. 

Taking a suitable modification, if necessary, there exists a divisor E = 
J2j Ej and positive numbers {Si}, {Sj} such that 

P*=P-Y.^^D^-T.^jEj 
i 3 

is ample and Yli ^iDi + SjEj is a divisor with normal crossings. By 
Klciman's criterion for ampleness we may assume that are siffi- 

cietnly small positive numbers. Let hp* be a C°°hermitian metric on the 
R-line bundle 0{P*) with strictly positive curvature. 

Let h be an AZD of Kx- If F is not contained in Bs | mo{Kx,h) \ 
(cf. Definition 3.4), by Theorem 4.6, F is blown down by ^^^^^^^xl ^^'^ 
this defines a numerically trivial fiber space sturcture of F. Hence {Kx, h) 
defines a nontrivial numerically trivial fiber space structure on F. 

Next suppose that F is contained in Bs | mo{Kx, h) \. By changing the 
indices we may assume that F = Dq holds. We set 

r = multirBs | moKx \ —mo ■ i^(0/i, F) > 0, 

and 

CF = —J h 0, 

where (5 is a sufficiently small positive number. Then for b > cpmo + 1 
CFiP-Yl ^i^i - E ^jEj) + {b- cpmo - l){Kx - J2 ^(^h, Di)Di) 

i j i 

has a singular hermitian metric 

with strictly positive curvature. By Nadel's vanishing theorem (Theorem 
2.1), we have see that the homomorphism 

OxiKx + F+{b- l)Kx) ® lih"/. ■ /j&-CFmo-i)) ^ 

H°{F, Of{Kf + {b- l)Kx) ® I{h% ■ h^-^Fmo-i^^ 

is surjective. By Theorem 4.1 and its proof, we see that one of the foUowings 
holds. 
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1. H'^iF, OF{KF+{b-l)Kx)®Ah% •/i^'-CFmo-i-)) ^ q holds for infinitely 
many positive integers h. 

2. there exists a nontrivial rational fiber space structure 

such that for a very general fiber V , (Kx, h) is numerically trivial. 

We note that we may not apply Theorem 4.1 directly, since h \f is 
not well defined in general. But we shall modify the proof of Theorem 4.1 
as follows. 

Let us consider the case that F does not admit a nontrivial numerically 
trivial fibration associated with (Kx , h) . Let a; be a very general point on 
F. Then adding one more strata, i.e. constructing the stratification 

X D Fd FiD ■■■D Fr+i = {x}, 

starting from X (where the strata F is associated with /i^) as in the proof 
of Theorem 4.1, we directly prove the nonvanishing 

H\X, Ox{bKx + F)® X{h% ■ /i^-'^^'^o-i)) ^ 

for every sufficiently large h. In this case we construct a singular hermitian 
metric hx with strictly positive curvature on {h — l)Kx such that 

1. ^^ec{Ox{—^i'{QhiF)\F)/1{hx)) has isolated support at x, 

2. hx 'is of the form : 

where {ui] are sufficiently large positive integers, {hi} are singular her- 
mitian metrics on {viKx+P*} constructed as in the proof of Theorem 
4.1, {oi}, ctj > are invariants defined as in the proof of Theorem 4.1 
such that 

r 

5 «^ai < eq 

j=0 

holds, and ei(0 < i < r) are sufficiently small positive numbers. 

As in the proof of Theorem 4.1, we may also need to consider the correction 
term (e"'^'^ in the proof of Theorem 4.1, but since we are constructing a 
section of hKx with the desired properties, this is not essential). We note 
that by the definition cp 

Ox{hKx + F)®T{h% ■ ^fe-^i^^^o-i) 
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is a subsheaf of 

Ox{bKx+\A\)(^I{h'), 

where 

A := Y^i-CFVi + i^{@h, Di) - 6i)Di. 

Hence by Lemma 2.2, we see that 

OxibKx + F)0 T{h% ■ hf'-^P'^o-i^ 

is a subsheaf of OxipKx) for every sufficiently large 6 and is isomorphic to 

OpihKx) ® 1{h^) or OpibKx + F) ^ I{h'') 

(in the latter case i^(G/i, F) > holds) on the generic point of F. By Nadel's 
vanishing theorem 

H\X,Ox{Kx + F+{b-l)Kx)<^I{h^)) = 
holds, we see that for every sufficiently large b there exists a section 

a G H\X, Ox{Kx + F + {b- l)Kx)®l{h% ■ /i''-™"!)) 
such that 

multF(CT) = [b-v{Qh,F)] 

holds. By Theorem 3.4, we see that b ■ ^{QhjF) is an integer and by The- 
orem 4.6, F is blown down by ^\bKx\ some b. This contradicts he very 
generic numerical positivity of {Kx, h) on F. Hence this case cannot occur 
and we sec that (Kx, h) defines a nontrivial numerically trivial fiber space 
structure on F. The last statement follows from Theorem 4.2 and Remark 
4.2. Q.E.D. 

The following theorem follows from the proof of Theorem 4.6. 
Theorem 4.8 Let X,F be as in Theorem 4-6. If for a positive integer b 

multpBs I bKx |= b ■ iy{Qh, F) 
holds. Then ^\bKx\ blows down F. 
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5 Local base point freeness 

The goal of this section is to prove the following proposition. 

Proposition 5.1 Let X be a smooth projective variety of general type. Let 
u : X — >■ X he an arbitrary composition of successive blowing ups with 
smooth centers. Then for every prime divisor D on X, there exists a positive 
integer m{D) depending on D such that 

multoBs I m{D)u*Kx \= m{D) ■ iy{u*@h,D) 

holds. 

Proposition 5.1 and Theorem 4.6 imply that every irreducible stable fixed 
component of Kx is contracted by | mKx \ for some m > 0. 

5.1 Projective limit of projective varieties 

In this section we deal with a projective limit of projective varieties. Usually 
it is not easy to handle such spaces because the usual algebro-geometric 
tools break down on such spaces. But in this paper, we only need such 
spaces to state the results. The actual proofs are carried out on 
usual algebraic varieties. 

First we shall define usuful objects. Let 

> Mm^-^ Mm-i • • • ^ Ml A Mo := M 

be successive modifications of a projective variety M such that every Mjn(rn > 
0) is smooth. Then we consider the projecive limit 

M := limM^. 

In general M is not a projective variety. 

We define the topology on M as a minimal topology such that the natural 
map M — >■ Myn is continuous for every m. 

Let mo be a nonnegative integer and let {-0^}^^^^ be a system of 
divisors such that 

1. Djn is a divisor on X^, 

2. Dm = ifm+i)*Dm+i holds for every m > mo- 
We note that mo can be taken to be by setting 

Dm '■— {fmo,m)*I-^mo 
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for every m < mo, where 

fmo,m '■ -^mo ^ -^m 

be the composition of fm+i o • • • o f^^. In this case we may consider the 
projective hmit 

D := Km 

and cah it a divisor on M. A prime divisor on M is a projective system 
of divisor {Dm} such that every is a prime divisor (we consider is a 
prime divisor). 

Let D he a divisor of some M^. For i > m, let he the strict transform 
of D in M^. Then we see that 

9e,*De = -D^-i 

holds for every i > m. Hence {D^}£>m defines a divisor D in M. We call D 
the strict transform of D in M. Wc note that every strict transform of a 
prime divisor on some Mm is always a prime divisor on M. 
A sheaf on M is a system of sheaves {J-'m}m>o such that 

(/m+l)*-^ m+1 ~ •Fm 

holds for every m > 0. In particular we can define the structure sheaf Oj^ 
is defined as 

:=limOM^. 

Let /i be a singular hermitian metric on a line bundle L on M such that 
G/i is bounded from below by a C°^-form on M. 
Let 

gm-.Mm^M 
be the natural morphism. Then we see that 

holds for every m > by the definition of multiplier ideal sheaves. Hence 
we may define 

as the projective limit 

\ivc.OMAKMj®T{9*mh), 

where 

g:M — > M 
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is the natural morphism, i.e, the projective hmit 

g := lim gm- 

We note that I(g*h) is not a well defined sheaf on M. In this paper we 
always consider Oj^{Kj^) ®I{g*h) instead ofI{g*h). We cah Oj^{Kj^) ® 
T{g*h) the multiplier canonical sheaf of 7r*(L, h) on M. Also for a prime 
divisor D = lim<_ on M, we define the Lelong number u{Tr*@h,D) by 

,^{g*eh,D) = iy{gl@h,Di,), 

where £o is a sufficiently large positive integer. 

5.2 Formal canonical model 

For m > 1 let 

be a resolution of Bs | mlKx \ (we set Xq = X). We may assume 

1. for m >2 there exists a morphism 

such that 
holds, 

2. is a sequence of blowing ups with smooth centers contained in the 
indeterminancy locus of the rational map <I>^* im'A'Yi- 

3. the exceptional divisor of tt^ is a divisor with normal crossings, 

4. Tr^{Ox{m\Kx) ®I{hr-)) is locally free on Xm 

Let F^"*) denote the exceptional divisor of tt^. Let us consider the projective 
limit: 

X = limX^. 

X is not a projective variety and depends on the choice of {vTm} 
(but we note that we are not considering all such choices at the 
same time). Let 

7c:X ^X 

be the natural morphism. We decompose (f)m+i as a sequence of blowing 
ups: 



e(m) e+2 e+i t e-i i 

/- Pm Pm Pm /^rn -v^*;— 1 Pm Prn 

~^ • • • — ^ Vi.^ — ^ Ti.^ — Vi.^ — > • • • — > 
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with smooth centers. Let S'E{Kx) be the subset of X — SBs(i^x) defined 

by 

SFi{Kx) '■= {x G X— SBs(ii'x) I ^\m\Kx\ local isomorphism onto its image 

on a neighbourhood of x for every m > 1}. 

We call SE{Kx) the stable exceptional locus of Kx- SE(ii'x) is a divisor 
in X - SBs(Kx)- Let F be the inverse image of SBsiKx) U SE(Vx)- Then 
we may and do assume that F is a divisor on X. Let 

be the irreducible decomposition of F. For each F^, there exists a rational 
fibration 

fa- Fa 

constructed as in Theorem 4.7 or the contraction morphism on SE(iirx) 
induced by <l>|j„i/^^| for every suffficiently large m. We may assume that 
every is a morphism. In fact we construct {^m+i I ^m+i • ^m+i — *■ 
m = 0, 1, 2, . . .} as follows. Let 

p{m) ^ ^ p(jn) 

be the irreducible decomposition of F^™) . Let 

Am) . pirn) w(m) 

J a a "a 

be the fibration constructed as in Theorem 4.7. By taking a composition of 
successive blowing ups 

with smooth centers, we may assume that for the strict transform Fa"''-' of 
F^^ in Xjn, the induced rational map 

fim) . fp{m) _ . . . , w(ni) 
J a a a 

is actually a morphism for every a e Im- We shall take 

SO that it factors through Wm- Inductively we repeat the above procedure 
for all m > 1. Then tt : X — > X has the desired property. 

We consider the equivalence relation ~ generated by {fa}, i-e. we iden- 
tify all the points on a fiber of every fa- We set the quotient space 

Xcan = X/ 
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and call it the formal canonical model of X. It is easy to see that Xcan 
does not depend on the choice of {7r„t}. Let 

W : X > Xcan 

be the natural map. The reason why wc introduce Xcan is that one may 
consider {Kx , h) is numerically positive on Xcan as we will see in 
the next subsection. 

5.3 Concentration method on the formal canonical model 

We shall prove Proposition 5.1 in this subsection. The proof is similar to that 
of Theorem 4.1. The only difference is that wc construct the stratification 
as in Section 5 on the formal canonical model Xcan- But since wc have not 
proved Xcan is a (projective) variety, we cannot construct the stratification 
directly on Xcan- Hence we use the fiber space structure on the stable 
fixed components. Also we use {Kx, h) {h is the AZD of Kx as before) as 
canonical divisor of Xcan- 

Let X and X be as in Proposition 5.1. It is sufficient to prove the case 
that X = X holds. Let n be the dimension of X. Let D he a prime divisor 
on X. Let h be the analytic Zariski decomposition of Kx as before. Let 

fD--D 

be the rational fibration constructed as in Theorem 4.7. By successive blow- 
ing ups with smooth centers, we may assume that is a morphism. Let x 
be a very general point on D, i.e. x is outside of a union of at most countably 
many proper subvarieties oi D . If we take x very general we may assume 
that -K~^{x) & X is a point. We set 

Xcan = wirr'^ix)) 

and 

X = ZU {Xcan)- 

Then x is a union of at most countably many of subvarieties in X. We set 

Ho = ii{X,Kx). 

We note that T{h^) is locally free at x for every m, if we take x e D very 
general. Then since 

dim H^{X, Ox imKx)^I{h'^)) = ^m'^ + o(m'^) 

n! 

holds, we see that for every e > 0, 

OximKx) ® lih"") ® A^P"'^ ^""^ ) 7^ 
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holds for every sufficiently large m. Let mo be a sufficiently large positive 
integer and let 

ao e Ox {moKx) ® ) ® m}}^~"^ ^"""^ ) 

be a general nonzero element. We define the singular hermitian metric /to 
on Kx by 

tiQ :— -2j. 

I (Jo I "'o 

We set 

ao = inf{a >0\xn{yeX\ {0^{K^) (g) 'I{r{h^hl^)))y C 

0^{K^)(^T{TX*h'^+P+^)y(^My] / holds for every /? > 0}. 

ao is clearly finite. To consider 0^(i^^)®J(7r*/i"+'^+^) instead of C>^(K^)® 
J(7r*/i""'"^) reflects that we are using Tr*{Kx,h) instead of 'Jt*Kx- Since ho 
has algebraic singularities as a singular hermitian metric of Kx , there exists 
a modification 

such that the current iaoPo^ho)singi= ckoPo®/io) is a divisor with normal 
crossings B = Y, hBi- Then if we define the numbers {cj} by 

KY,-p*oKx-B = Y,CiBi, 

i 

mm{u{p*QQh, Si) + Ci I X n A / 0} = -1 

holds, where we have assumed that tt factors through po (this is clearly 
possible) and Bi denotes the strict transform of Bi in X. We note that if 
we replace po by another p'^ which factors through po, then by Corollary 2.1 
the prime divisors which attain the above minimum are exactly the strict 
transforms of the ones associated with po- 

By the above assumption there exists a morphism 

qo-.X-^ Yo. 

Since PqKx is big, by Kodaira's lemma, there exists an effective Q-divisor 
Eq on Yq such that PqKx — Bo is ample. Let Heq be a C°°-hermitian metric 
on PqKx — Eq (this is a Q-divisor on Yo, but the hermitian metric is well 
defined) with strictly positive curvature. We may and do consider /ieq a 
singular hermitian metric on p^Kx- If we perturb ho as 

ho ■■={^^f-'°-h%, 

I (Jo I ""o 
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where Sq is a sufficiently small positive number, perturbing also Eq, if neces- 
sary, we may assume that there exists a unique irreducible divisor Di = Bi^ 
which belongs to {Bi | x n / 0} such that 

i/(Po0/i,-Di) + = -1 

holds. We set 

Zi := zu{Di), 

where Di is the strict transform of Di in X. We define the nonnegative 
integer ni by 

ni := dimw{Di). 

We note that rii is nothing but the dimension of the base space of the 
numerically trivial fiber space structure on Di associated with pQ{Kx,h). 
If rii is 0, then p^^Kx, h) is numerically trivial on Di (cf. Section 3.6 and 
Lemma 4.1, also ||2^, Theorem 4.1]). In this case we stop this process. 
Suppose that ni > holds. We set 

Ai := ri{plKx - Eq) 

where ri is a sufficiently large positive integer such that ri{p*QKx — Eq) is 
Cartier. We set 

/ii := (n-l)!-Ik^^„^oom-("~') d\mH\Di,ODM{M+pl{hKx))(^T{plh'^n). 

where £i is a sufficiently large positive integer which will be specified later. 
Let 2/1 G Di n qQ{w~^{xcan)) be a point. And we set xi = po{yi) G Xi. 
Then as before 

H\D^,ODAHM+Pl{hKx)))®l{plh'^)®Ml^^~'^"~'^''^'^) + 

holds for every sufficiently large m. Let m\ >> r\ be a sufficiently large 
positive integer and let 

a\ G ii\D^,Or,MMx^Pl{hKx)) ®X{plh'-'^') ® M^}1"^ -^-il) 

be a general nonzero element. We note that since D\ is smooth, 

Ojy,{pl[rn^hKx))®T(j>lh^^'^) 

is torsion free, since it is a subsheaf of a locally free sheaf on a smooth 
variety. Then as in Lemma 4.4, we see that the restriction map 

H\YQ,Oy,{Tn{A^ +pl{hKx)))®l{plh^'')) - 

H\Di,OdM{M +pl{hKx)))(^l{plh^'')) 
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is surjective for every m > 0, if we take ri sufficiently large. Then a'l extends 
to an element ai of 

We define the singular hermitian metric of (ri + ii)Kx by 

hi = ^ 

I Ul I"*! 

(Originally hi is considered to be a singular hermitian metric on pQ{ri + 
^i)Kx, but one may consider hi as a singular hermitian metric on (ri + 
h)Kx)- Let £o be a sufficiently small positive number. We define the 
positive number ai by 

ai := inf{a \xn{yeX\ {0^{K^) (g) I{Tt*{h^°~^° ■ h^ ■ h^)))y C 

Ox{Kj^)(g)I{7r*h'^°-^°+''+'^+%(^My} + holds for every /? > 0}}. 
Then as in Section 5 we have the estimate : 

TX — 1 

ai < ^— + O(£o)- 

Taking ii to be sufficiently large, we may assume that 

^ {n - l)ri ■ multD,Eo 
Ml » { ) 

holds. 

We take a modification 

fi-.Yi-^ Yo 

such that the singular part of ffpQ{{ao — £o)0/io + cn0/ii)) is a divisor with 
normal crossings in Yi. We may assume that tt : X — > X factors through 
Pi '■= fi°Po- Then by the procedure as before, we define a divisor D2 as 
before in Yi and the subset Z2 in Xcan by 

Z2 = w{b2), 

where D2 is the strict transform of D2 in X. We note that since we have 
taken ii so that 

^ (n- l)ri -multp^-Eo ^^,! 
Ml >> [ ) 

holds, by the estimate of ai, we have that 

aivi ■ multDi-^o « £0 
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holds. Hence the singularity of /i"^ coming from Ai = ri{pQKx — Eq) 
(roughly speaking the singularity is equal to airiEo) is enough small so that 
Z2 is a proper subset of Zi. Inductively we define a sequence of modifications 

X^Yo^Yi< ^Yr, 

irreducible smooth divisors 

A cyi_i(i = l,...,r + l), 

points 
where 

qr.X^Y, 

are the natural morphisms, singular hermitian metrics 

ho,. . . , hr, 



small positive numbers 
positive integers 
positive numbers 
and nonnegative integers 
positive numbers 



£0, . . . ,Sr-l, 
•^i ? • • • 5 7 

ao, ...,ar, 
ni, . . . , n^+i, 



Ho, - ■ ■ fJ-r+l 

and strictly decreasing sequence of irreducible subsets 

Zi Z2 ■ ■ ■ Zj.+i 

in Xcan- By the construction of this process we see that rir+i = holds. 
This means that 

holds. We define the singular hermitian metric hx on 
{ElZliai - ei) + {ar + Sr))Kx by 



hx := h^°-^° ■ h"^'-^^ ■ ■ ■ h^^+''~ , 
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where is a sufficiently small positive number. We set for every positive 
number /3 > J2i=o cei{fi + -^i) (where we have set £q := 1 and ro := 0), 

We see that p*(Kx,h) is numerically trivial on Dr+i- Hence Dr+i is con- 
tained in X, where Dr+i is the strict transform of -Dr+i in X. 
Let Pi : Yi — ^ X{i = 0, . . . , r) be the natural morphisms. 

Lemma 5.1 

iJ°(y„ OvAKYr + mp^Kx + Dr+i) ® T(p>.(rn))) ^ 

H\Dr+i,OD,+AKDr+i + mplKx) ^I{p*rh^{m))) 
is surjective for every positive integer m > (ccj — e^) — (a^ + e^)- 
Proof. The assertion follows from Theorem 2.1, since 

^ OYAKYr+mp;Kx)^I{p*rK{m)) ^ Oy,(ify,+mp:Xx+£'r+i)<8)T(p>^(m)) ^ 

Oz).+i(i^i?.+i + mp^iCx) ® I{p;K{m)) ^ 

is exact. Q.E.D. 

5.4 Finding divisors on -Dr+i 

On -Dr+i) Pr{-^x,h) is numerically trivial. By Theorem 4.3 and Corollary 
4.2 we see that 

S :={x e Dr+i I ^'£)^+i(p;^0/i,a;) > 0} 
consists of at most countably many prime divisors on Dj.^i. Let 

jeJ 

be the irredcucible decomposition of S. We set 

ej := i^Dr+iiPr^h, Ej) (j G J). 

By Theorem 4.3 and Corollary 4.2 we have the following lemma. 
Lemma 5.2 

{pIKx - y{p*Qh, Dr+l)Dr+l) \Dr+i - ejEj 

is numerically trivial on D^+i- 
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5.5 Completion of the proof of Proposition 5.1. 

Let 

2Tr{p*@hJsing = '^nFi 

iei 

be the decomposition into irreducible component of the singular part of 
the current 2TTp*@h^. We may assume that J^i^'i is a divisor with normal 
crossings. Changing the indices if necessary, we may assume that Fq = Dr+i- 
We define the R-divisor A'^. on Yr by 

4 := KY^ + i3- p*Kx - ^i^i + ^0, 
where (3 is the positive number defined by 

r-l 
k=0 

We set 
and 

KY,=p;Kx + Y^aiFi. 

iei 

Then by the definition of hx we see that 

min(-rj + Oj + Vi) == -ro + ao + i^o = -1 

and 

min(-ri + Oj + Vi) > —1 

hold. If we set 

O'i ■■= -Ti + ai + Ui 

for every i G /, it is easy to verify that A'^ is numerically equivalent to the 
R-divisor A^ defined by 

Ar = {(3 + iMKx - ^iFi) + E 

i i^O 

We note that since 0j > — 1 for every f 7^ 0, we see that [X^j^o^i-^il 
effective. Since Pr^h^ is strictly positive on Yr, we see that 

Ar \fo —Kfq 
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is ample. We note that by Lemma 5.2 

{p*Kx - i^oFo) \fo - ^oFj 

is numerically trivial on Fq{= Dr+i). Let Jq be the subset of the indices J 
such that 

EF,\F,= J2Ej 
i^o jeJo 

We set 

E*:= Y: ejEj. 

ieJ-Jo 

Then E* defines a point on the closure of the cone of the effective R-divisors 
on Fq in H^{Fo, R). Let Hq be a smooth very ample divisor on Fq such that 

is a divisor with normal crossings. Let e be a sufficiently small positive 
number such that 

Ar \fo —Kfo — e-ffo 

is ample. Since 

eH + E* 

is numerically equivalent to an effective R-divisor in i7^(Fo,R), taking a 
suitable modification, if necessary, we may assume that \fq is numeri- 
cally equivalent to an R-divisor with normal crossings such that [5^] is 
effective. 

We note that 

OYAKYr+m-p;Kx)m{p;K{m)) ~ OYA\MHm-|i)p*rKx)m{h^Ar^ -Plh""-^) 

holds for every m > f3, where the singular hcrmitian metric ^[a^I ( T^rl ) 

is defined as the singular hermitian metric in Theorem 4.4. We note 
that there exists a positive number eo such that if {m ■ iy{p*Qh, -Dr+i)} < eo 
holds, 

ODrU\M + {rn- (3)p*rKx) ® I{h^Ar] ' Prh"^'^) 

holds by the perturbation of as in the proof of Theorem 4.4, where r^+i 
is a global section of with divisor and h<^Br\ is the singular 
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hermitian metric on ODr+iilBrl) defined as the singular hermitian metric 
h^A] in Theorem 4.4. We also note that 

holds by the definition of Ar- Now we apply Theorem 4.4 and Remark 4.7 
to our situation by setting X = Dj.+i, A = and L = p*{Kx,h). Then 
we have the following lemma. 

Lemma 5.3 For some m > Yh=o Oiii.fi + 4); 

H\Dr+uODrUKDr+, + mp;Kx)®T{p;K{m))) / 

holds. 

By Lemma 5.1 and Lemma 5.3, there exists a positive integer m(Z)r+i) such 
that 

multD^_^iBs I p*{m{Dr+i)Kx) |= m{Dr+i) ■ u{p*Qh,Dr+i) 
holds. Let 

a 

be the inverse image of t[~^{S'Qs{Kx)) as in Section 5.2. And let 

'■ X > Xjn 

be the natural map. We note that since 'k*{Kx, h) is numerically trivial 

on x, the divisor 

rKx-Y.<^*®h,K)Fa 

a. 

is numerically trivial on £, i.e., for every m > 0, 7r^(i^x5^) is numerically 
trivial on every irreducible component of tfmix). By Theorem 3.4, we see 
that for any positive integer i and any a G r(X, OxC^-^x)), 

mult^^r (a) = multF„_„7r;;(a) > \i ■ iy{7r*^eh, Fa,m)] = \l ■ i^(7r*G^, F^)! 

hold, where m is a sufficiently large positive integer depending on a and 
Fa,m is the prime divisor whose strict transform in X is -Fq,. 

Let J^jeJ ^jFj be the divisor on -D^+i as in Lemma 5.2. Then the above 
formula implies that for every j G J, ■m{Dr+i)ej is an integer. Hence J is a 
finite set and 

m{Dr+i){p*Kx \Dr+i - Y^^oFj) 
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is a Cartier divisor on Dr+i and is linearly equivalent to 0. Let us consider 
^m{Dr+i) Ist be the divisor on X^^/j^^^) defined by 

^r+l '■= i'Pm{Dr+i))*^r+l, 

where Dr+i is the strict transform of -Dr+i in ^- Since m{Dr+i)(p*Kx |d^+i 
— Y^j^jejEj) is linearly equivalent to 0, we see that 

Bs I T^l,(Dr^^)m{Dr+i){Kx,h) \ f\D%^ = 

holds. Hence for any subvariety V on X^^^)^^^-) such that H y 7^ 0, 

multy I 'K*^^^Dr+i)if^iDr+lKx) 1= m{Dr+l) ■ l^{'^*m{Dr+i)^h,V) 

holds. Let us define the analytic subset V^(d^_^j) in by 

Then Vm(Dr+i) connected and contains D*_^_i. 

Lemma 5.4 7rj^(^ _^_^-^{Kx, h) is numerically trivial on Kra(Dr.+i)- 

Proof of Lemma 5.4. Suppose the contrary. Then (^^^^^^^^(7r^^^^^^^(i^x, U 
is not numerically trivial. 

On the other hand by the definition tt* {Kx , h) is numerically trivial on 
X, i.e., for every m > 0, ^^{Kx, h) is numerically trivial on every irreducible 
component of ipm{x). 

This is the contradiction. Q.E.D. 

By Lemma 5.4, we see that 

Bs I Trl^D^^^)iKx,h) I nV^(^D^^^^ = 
holds. Thus we see that 

[m{Dr+i){rKx-Y,iy{r@h,F^)Fa)] U= \m{Dr+i){r Kx-Y,iy{r@h, Fc,)Fc,)] 

a a 

and 

Bs I 7r*{m{Dr+i){Kx,h)) | nf = 

hold. Hence the base point freeness propagates through x (in par- 
ticular wc may take X so that x consists of finitely many irreducible com- 
ponents). Since X is a very general point on D, we see that there exists a 
positive integer m{D) such that 

mult^iBs I m{D)Kx \= m{D) ■ u{@h,D) 

holds. This completes the proof of Proposition 5.1. Q.E.D. 
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6 Completion of the proof of Theorem 1.1 



We complete the proof of Theorem 1.1 by using a topological consideration. 
We use the same notations and conventions as in Section 5. 

Definition 6.1 Let X be a smooth projective variety of dimension n and 
let L be a big line bundle on X. Let R = ®m>oRm be a subring of R{X,L) 
such that 

lim m^^ dim Rjn > 0. 
For every subvariety V in X, we set 

lyiR.V) := lim — multyBs I Rm I, 

m— >oo 777, 

where Bs \ Rm \ is the base scheme as a linear subsystem of \ mL \. Suppose 
that for every modification 

f:Y^X 

and every prime divisor D onY , there exists a positive integer mo depending 
on D such that 

u{f*R,D) = -^multoBs \ mDf*RmD I 

holds. 

In this case we call that R is virtually base point free on X. 

Proposition 5.1 implies that the canonical ring R{X, Kx) of smooth projec- 
tive variety of general type X is virtually base point free. 

Let X be a smooth projective variety of general type and let n denote the 
dimension of X. By the virtual base point freeness of R{X, Kx), we see that 
Xcan is a complex space (possibly noncompact). In fact by the construction 
and Proposition 5.1, for every compact subset G of Xcan, there exists a 
positive integer m{G) depending on G such that m{G)Kj^ is Cartier on 

G and | m{G)Kj^ \ is base point free on every compact subset of Xcan and 
is numerically positive on W^~\G in the obvious sense. This implies that Xcan 
is a complex space. Also it is easy to see that Xcan is normal by showing that 
Xcan is isomorphic to the normalization. Moreover since by the construction 
of Xcan and the virtual base point freeness, ®m>oO <y imKy ) is a finitely 
generated ring over Oj^ on G, Xcan has only canonical singularities. 
Let W be the subspace of Xcan defined by 

W := w{F). 
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Then by Theorem 4.6 codimW > 2 holds. We only need to consider the 
case : dimX > 3. Now we consider the exact sequence : 

H\X^an, Z) ^ H^{W, Z) ^ H^iXcan, W, Z). 

We note that since codimTy > 2, i.e., w contracts all the irreducible com- 
ponents of F in X, dim H'^{Xcan, C) is finite. Hence we see that 

= GO 

holds, if 

rank dimH'^{W,Z) = oo 

holds. We note that 

H^{Xcan,W,Z)c:,H^{X,S,Z) 

holds, where S denotes the union of the stable base locus SBs(iirx) Bind the 
stable exceptional locus SFj(Kx)- This means that H^{XcamW,C) is an 
finitely generated abelian group. This implies that 

ranki/2(#,Z) < oo 

holds (in the case of dim X = 3, this immediately implies that W consists of 
finitely many irreducible components) . By the universal coefficients theorem 
we see that 

^ Ext{Hi{X^n, Z), Z) ^ H\X,an, Z) ^ Hom(i?2(Xea„, Z), Z) ^ 

is exact. Since Hi{Xcan,'^) is finitely generated (because codimFt^ > 2 
holds), we see that the torsion part of H'^{Xcan-, Z) is finite. 

Since H^{Xcan, Z) is finitely generated and rankii"^(T^, Z) is finite, con- 
sidering the maps: 

H''{X^n, Z) ^ }iom{H2{X^n, Z), Z) ^ }iom{H2{W, Z), Z), 

we see that the images of some positive multiple of C\{K-^ ) G H'^{Xcani^) 
under the maps : 

i72(X,a„,R) ^ Hom(i72(VF,R),R), 

and 

[Xcan 1 R) — Hom(iy2 (-^can , R) , R) , 

are the images of elements of Hom(_f/2(V[^, Z), Z) and Hom(i?2(^can) Z), Z) 
respectively. This implies that some positive multiple of ci{Kj^ ) G H'^iXam-, R-) 
is integral (i.e. it is in the image of the natural morsphim H'^{Xcanj'^) ~^ 
H^iXcan,^)) in H'^iXcan,^)- Hence some positive multiple of Ky is a 
line bundle on Xcan- 

Let r be a positive integer such that rK.^ is a line bundle. 
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Definition 6.2 Let X be a normal complex space. We define the L'^ -dualizing 
sheaf k'^x % 

K^^\U) = {r? G T{U,Ox{Kx)) | r/ A r/ G LI,{U)}. 

The following lemma is clear by the definition of canonical singularities. 
Lemma 6.1 Let X he a normal complex space with only canonical singular- 

(2) 

ities. Then the canonical sheaf Kx '■= i*Kxreg of X is isomorphic to Kj^ , 
where i : Xreg — > X is the canonical injection. 



Lemma 6.2 Let Z be a closed n-dimensional subvariety of the unit open 
polydisk with only canonical singularities and let ip be a plusisubhar- 
monic function on Z x A, where A is an open unit disk in C. Let D 
he a Q-Cartier divisor on Z such that Kz + D is C artier. Let Hd he a 
C°° -hermitian metric on the Q-line bundle Oz{D). Let t be the standard 
coordinate on A. Let pi : Z x A — > Z he the first projection. Then 
there exists a positive constant Cz depending only on Z such that for every 
f G r(Z, Oz{Kz + D)) such that 

, n(n-l) r 

iV^)^- e-^- hD- fAf <oo 
Jz 

there exists a holomorphic section F £ T{Z x A, OzxaI-^ZxA such 
that 

1. F \z=dtAf, 

2. iV^)"^ Jzy,A^~''-hD-FAF<Cz{^)^ Jze-'^-ho-fAf 

This lemma is an immediate consequence of the L^-extension theorem ( [ p^ , 
p. 200, Theorem]). Since Xcan — W is biholomorphic to X — S, it admits 
a complete Kahler metric. Hence we can apply L^-estimates for 9-operator 
on Xcan - W. 

We note that for every compact positive dimensional subvariety V in 
Xcan, (rKy- )dimV . y ._ ufV, ri^^ ) > 1- Let mn be a positive integer 
such that SuppBs I morK^r |C W holds. Such tuq exists by Proposition 

5.1. Let Tn . . . .ttv be a basis of TiXcan-, Cv {fnnrKy ). We define the 
singular hermitian metric on rK-cr by 

h 1 
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Let xq be an arbitrary point in SuppBs | rriQrK-y 1. Then by Lemma 6.2, 
we see that for a local generator a of rKy on a neighbourhood U of xn, 
for every a > mon the singular volume form 

/lO I cr I 

is not locally integrable on [/ n (-'^can — W^)- In fact let x{t){t € A) be a local 
holomorphic curve on Xcan such that x(0) = xq and x{t) G ^can — £ 
A*). Then the limit lim^^o n- x{t) in the Douady space of Xcan is contained 
in n ■ x{0). Hence by Lemma 6.2, the assertion follows. 

By Lemma 6.1 and Lemma 6.2 instead of Lemma 4.6, using the parallel 
argument as in or Section 4 we conclude that | ni{rKj^ ) | is free at xq 
for every m > mon + n(n — l)/2 + 2 (we note that every strata constructed 
as in Section 4 except Xcan is contained in W, hence it is compact). Since 
rrin is independent of the choice of xn, we see that I mirK^ ) I is free on 
Xcan for every m > mo(ra(n + 1)/2 + 2). Since is numerically positive, 

we see that W consists of finitely many irreducible components and Xcan 
is a projective variety (with only canonical singularities). This implies that 
Xcan is the canonical model of X. Hence R{X,Kx) is finitely generated. 
This completes the proof of Theorem 1.1. 
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